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Abstract.Theaim of this work is togiveaself-containeddevelopmentofa differen-
tial geometricformulationofgaugetheoriesandtheirinteractionswiththetheoriesof
fundamentalparticlesandinparticular, ofthetheoryof Yang-Millsand Yang-Mills-
Higgsfields. Wediscussin detailprincipal andassociatedbundlesanddevelopthethe-
oryof connectionsin aprincipal fiber bundleandthetheoryofcharacteristicclasses.
Theseareappliedto giveageneralformulationof gaugetheories. Thespecialcases
ofthetheoryof Yang-Millsfieldsandthetheoryofinstantonsandtheirmodulispaces
arediscussedseparately.

INTRODUCTION

It is well knownthat physicaltheoriesusethe languageof mathematicsfor their for-

mulation. However,theoriginal formulationof a physicallaw oftendoesnotrevealits

appropriatemathematicalsetting.Indeedthe relevantmathematicalsettingmaynoteven
existwhenthephysicallaw is first formulated.Themostwell knownexampleofthis is
Maxwell’s equationswhich were formulatedwell beforetheformulationof Minkowski
spaceand thetheoryof specialrelativity. Classicaldifferential geometryplayeda fun-
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damentalrolein Einstein’sgeneraltheoryof relativity andthesearchfor aunifiedtheory
of electromagnetismandgravitationled to continuedinterestingeometricalmethodsfor

sometime.

However,thecommunicationbetweenphysicistsandmathematicianshasbeenrather

sporadic.Indeed,they havesometimesdevelopedessentiallythe sameideaswithoutbe-
ing awareof eachother’swork. A recentexampleof this missedopportunity(see[DY 1]
for otherexamples)for communicationis the developmentof Yang-Mills theory in
physicsand thetheoryof connectionsin afiber bundlein mathematics.Trying to under-

standthepreciserelationshipbetweenthesetheorieshasled to agreatdealof researchby
mathematiciansandphysicists.Theproblemsposedandthemethodsof solutionusedin
eachhaveled to significantcontributionstowardsabetterunderstandingof theproblems

andthemethodsin theother. Forexample,thesolutionofthepositivemassconjecturein
gravitationwasobtainedasa resultof work by SchoenandYau [SC2] in thesolutionof

theCalabi conjecturein differentialgeometry.TheCalabi-Yaumanifoldswhich arisein

this investigationhavealsobeenfounduseful asmodelsin superstringcompactification
in stringtheory. A completesolutionfor a classof Yang-Mills instantonswasobtained
by usingmethodsfrom differentialand algebraicgeometry[bATl], [AT6], [DRI]. Don-

aldsonfound a surprisingapplicationof gaugetheory to the studyof topologyof four
dimensionalmanifolds.Thefirst announcementof his results[D03] stunnedthe mathe-
maticalcommunity. Whencombinedwith thework of Freedman[FRI], [FR2]oneof its
implications: theexistenceof exotic R4 ‘s, wasa surprisingenoughpieceof mathemat-

icstogetintotheNewYork Times. Sincethenhehasfoundmanysurprisingapplications

of hiswork and hasdevelopeda wholeareaof mathematicswhich maybecalledgauge-
theoreticmathematics.Scientistsoftenwonderaboutthe “unreasonableeffectiveness”

of mathematicsin thenatural sciences[Will. It now seemsthat mathematicianshave
receivedanunreasonablyeffective(evenmysterious)gift of gaugetheoryfrom physics.

Associatedto the Yang-Mills equationsby the adjoint representationof the gauge

groupon its Lie algebraare theYang-Mills-Higgsequations.If the gaugegroup isnon-
abelianthen the Yang-Mills-Higgs equationsadmitsmooth,static solutionswith finite

action. Theseequationswith the gaugegroup Gew = U( 1) x SU(2) play a funda-
mental role in the unified theoryof electromagneticand weak interactions(also called
theelectro-weaktheory)developedin majorpartby Glashow[CLI], Salam [SAl] and
Weinberg[WEll. The subgroupof Gew correspondingto U( 1) gives riseto the elec-

tromagneticfield while theforce of weak interactioncorrespondsto the SU(2) sub-
groupof Gew . The electro-weaktheorypredictedthe existenceof massivevectorpar-

ticles (the intermediatebosonsW~,W and Z ) correspondingto thevariouscompo-
nentsof the gaugepotential,whichmediatetheweakinteractionsatshortdistances.The
experimentalverificationof thesepredictionswasanimportantfactorin therenewedin-
terestin gaugetheoriesasprovidinga suitablemodel for theunificationof fundamental

forcesof nature. Sincethen severalgrandunified theorieshavebeenproposedto unify
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the electromagnetic,weak,and strong interactionsby adjoiningthe group SU(3) of
quantumchromodynamicsto thegaugegroup of theelectro-weaktheory,but their suc-
cesshas at bestbeenlimited. It seemsthat furtherprogressmaydependon a better

understandingof the mathematicalfoundationsof thesetheories.
The presentpaperis basedin parton a coursein “Differential GeometricMethods

in Physics” that wasgivenby the authorsat the Dipartimentodi Fisica,Universitádi
Firenzeduring1986.Thecoursewasattendedby advancedgraduatestudentsinPhysics

andresearchworkers in theoreticalphysics and pureand applied mathematics. Our
paperis aimedat a similar generalaudience.The theoryof gaugefields is currently a

very activeareaof researchin theoreticalphysicsas well as in mathematics.However,

thedifferentialgeometricfoundationsof gaugetheoriesarenow firmly established.

Ouraim in thiswork isto givea self-containeddevelopmentof adifferentialgeomet-
ric formulation of gaugetheoriesand,in particular,of the theoryof Yang-Mills fields.
We assumeacquaintancewith elementsof the theoryof differentiablemanifolds, in-
cluding thestructuresassociatedwith manifoldssuchastensorbundlesanddifferential
forms. We give a briefdiscussionof this mathematicalbackgroundin section1.1. We

discussin detail principaland associatedbundlesinchapter2 anddevelopthe theoryof
connectionsin chapter3. In chapter4 we discusssomeconceptsfrom algebraictopol-
ogy thatare frequentlyencounteredin physicalapplications.Thefirst four chapterslay
thegroundworkforapplicationstogaugetheories,but thematerialcontainedin themis

also usefulfor manyotherphysicalapplications.Chapter5 is devotedto a generalfor-
mulationof gaugefields and theirassociatedfields. Thetopologyof thespaceof gauge
connectionsandits applicationto the Gribov ambiguityis studiedin section5.2. A La-

grangianapproachto coupledfield equationsisdiscussedin section5.3. In chapter6 the
specialcasesofthe theoryof Yang-Mills andYang-Mills-Higgs fields andthetheoryof
instantonsarediscussedseparately.Wegive anexplicit constructionofthemoduli space

.M1 of theBPST-instantonsof instantonnumberI andindicatetheconstructionof the
moduli space )vt k of thecomplete (8k — 3)-parameterfamily of instantonsolutions

over S
4 with gaugegroup SU(2) and instantonnumber k. Theinvestigationof the

Riemanniangeometryof thesemoduli spaceshasbegunonly recently. The resultsob-

tainedfor themetric andcurvatureof fyi

1 aregivenin section6.4. In chapter7 wegive
a brief discussionof themostextensivelystudiedcoupledsystem,namely,thesystemof
Yang-Mills-Higgs fields and touch upon somerelatedareasof activecurrent research.
After a briefdiscussionof variouscouplingsin section7.1 we introducetheideaof di-

mensionalreductionin section7.2 to studythe relationof the Yang-Mills field on an
(m + 1)-dimensionalmanifold and its reductionto theYang-Mills-Higgssystemonan
rn-dimensionalmanifold. In section7.3 wegive someresultson themonopolesolu-
tions of theYang-Mills-Higgs systemand in particular,of theBogomolnyi equations.

In theconcludingsection7.4wecommenton theproblemof quantizationof gaugeand
associatedfields.
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Remarkon referencesandnotation

We havedivided the referencesinto two parts: booksand articles. In additionto

the standardtextsand monographswe havealso includedsome bookswhich give an

elementaryintroductorytreatmentof sometopics.Ontheotherhandtherearealsobooks
whichrepresentcollectionsof papersdealingwith recentresearch.Wehaveincludedan
extensivelist of original researchpapersand review articleswhichhavecontributedto

our understandingof thegeometryof gaugefields.
Until recentlygaugetheoriesandthe theoryof connectionsweredevelopedindepen-

dentlyby physicistsand mathematiciansand as suchthereis no standardnotation. We
haveusedthe notationthatis primarily usedin the mathematicalliteraturebutwehave

alsotakeninto accounttheterminologythat is mostfrequentlyusedinphysics.To help
thereaderwehaveincludedattheendof thepaperadictionaryof terminologyprepared
along thelinesof A. Trautman[bTRl], and [WUI], [WU2].

1. MATHEMATICAL AND PHYSICAL BACKGROUND

1.1. Mathematicalbackground

Themathematicalbackgroundrequiredfor the studyof gaugetheoriesis ratherex-

tensiveandmaybedivided into thefollowing parts:elementsof differential geometry,
fiberbundlesand connections,algebraictopologyof a manifold. Thefirst two of these

partsare nowadaysfairly standardbackgroundfor researchworkers in mathematical
physics. Thereforein this section and in chapters2 and 3 we give only a summaryof

someresultsfrom differentialgeometryto establishnotationsand tomakethepaperes-

sentiallyself-contained.The last topic will be discussedin detail in chapter4. There
are severalstandardreferencesavailablefor materialon differential geometry,see,for
example,W. Greub,S. Halperin,R. Vanstone[bGRI], [bGR2],[bGR3],S. Kobayashi,
K. Nomizu [bKOl], [bKO2],S. Lang[bLA1], M. Spivak [bSP2].Somebasicreferences

for topologyand relatedgeometryand analysisare B. Booss,D. Bleecker [bBOl], J.
Dugundji [bDUI], R. Palais[bPAl], I. Porteous[bPOl]. Forreferenceswhichalso dis-

cuss somephysicalapplicationsseeR. Abraham,J. Marsden[bABI], R. Abraham,J.

Marsden,T. Ratiu [bAB2], Y. Choquet-Bruhat,C. DeWitt-Morette [bCH3], W. Curtis,
F. Miller [bCUl], B. Felsager[bFEI], J. Marsden[bMA1I, R. Sachs,H. Wu [bSAI], A.

Trautman[bTRl].
Thebasicobjectsof study in differentialgeometryaremanifoldsand mapsbetween

manifolds. Roughly speakinga manifold is a topologicalspaceobtainedby patching

togetheropensetsin a Banachspace. For mostapplicationsthis spacemay be taken
finite-dimensional.

DERNITION 1.1. Let M be a connectedtopologicalspaceand F a Banachspace. A
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chart (U, q5) isa pair consistingofan openset U C M andahorncomorphism

~: U -~ 4(U) C F,

where gb(U) is an opensubsetof F. M is a topologicalmanifold if M admits a

family {( U~,çb,)}~ofchartssuchthat ~Uj}
1~1covers M . Thisfamily ofchartsis

saidtobeanatlasforM. If(U~,ct.~),(U5,cb1)aretwocharisandU,1 := U1nU1~’O

then

qS,~:= çb. o : ~1(U~1)—~

isa homeomorphism.Themaps4.,, arecalledtransitionfunctions.Varioussmoothness
requirementsareobtainedbyusingthe transitionfunctions.For exampleif the çb,, are

C~-diffeomorphisms(i.e. ~ and are ofdassCr), 0 <p ( +00 ,then M is
calleda differentialmanifoldofclassC~.Bydefinition thedimensionofM , dim M,
is thedimensionof F. If F is R

m then M is calleda realmanifoldofdimension

m. if F is (Em andthetransitionfunctionsareholomorphic(complexanalytic)then
M is calleda complexmanifoldofcomplexdimensionm.

Complexmanifoldsand theirphysicalapplicationsarenotconsideredin this paper.
An excellentintroductionto this areais giveninR.O. Wells,Jr. [bWEI].

The chartsallow us to give intrinsic formulationsof variousstructuresassociated
with manifolds.

DEFINITION 1.2. Let M and N bedifferentialmanifoldsand f: M —~ N. Wesay
that f isdifferentiable(orsmooth)if~for eachcouple (U, ~),(V, ~) ofcharts,ofM

and N respectively,suchthat f( U) C V. the representative~ o f o ~ of f in
thesechartsis differentiable(or smooth).Thesetofall smoothfunctionsfrom M to

N isdenotedby F(M,N). WhenN = R we write .F(M) insteadofF(M,R).
A bijectivedifferentiablef iscalleda diffeomorphismif f~ is differentiable. The

setofall diffeomorphismsof M with itselfundercompositionis a group denotedby
Duff (M) . Diffeomorphismisan equivalencerelation.

We observethat thesametopologicalmanifoldmaybe given inequivalentdifferen-
tiablestructures.Let M bea differentialmanifold and (U, ~), (V,~‘) be two chartsof

M at p E M. Thetriples (çb, p, u) , (sb, p, v), u, v E F, aresaidto beequivalentif

D(~o çjf1)(q~(p)). u = v

where D is the derivativeoperatorin a Banachspace.This is an equivalencerelation
betweensuchtriples. A tangentvectorto M at p may be definedas an equivalence
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class [~, p, u] of suchtriples. Givena smoothcurveon M passingthroughp, wecan

associatewith it atangentvectorto M at p. Thesetof tangentvectorsat p is denoted
by T~Mand is a vectorspaceisomorphicto F. The set

TM = U ~M
pEM

canbegiventhestructureof a manifold and iscalledthe tangentspaceto M. A tangent

vector [4,p, uI at p maybeidentifiedwith thedirectionalderivative t4 , alsodenoted
by u~,definedby

.T(U) —~ R

suchthat

u~(f) D(fo~’)(~(p)) .t~.

If dim M = m and 4 : q ~ (11, ~ , Z~) is a chartat p. then the tangent
vectorsto the coordinatecurves at p are denotedby ô/9x’ or c9~,i = 1,. .. , m. A

smoothmap

X:M—+TM

is calleda vectorfield on M if X(p) E T~M,VpE M. The set of all vectorfields

on M is denotedby X( M). X E X( M) definesthe linear map F(M) —~ .T( M)
by f ~—* Xf where (Xf)(p) = X(p)f. If X,Y E X(M) then the commutator
[X, Y] = X o Y — YoX is in X(M). If f E .F(M,N) ,the tangentoff at p,

denotedby T~f or f~(p), is the map

T~f:T~M-4 Tf(~)N

suchthat

T
9f(u~).9 = u~(gof).

The tangentof f , denotedby Tf or f~, is themap of TM to TN whoserestric-

tionto T.~Mis T~f.
By replacingT~Mwith varioustensorspaceson T~M.a constructionsimilar to

theabovefor thetangentspace,definesthetensorspaceson M. Wedenoteby T M
the tensorspaceoftype (r, s) of contravariantdegreer and covariantdegrees, i.e.

T~M=~
pE M
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where

~

I- times ., timcs

A smoothmap

t:M—+TM

iscalledatensorfieldoftype (r,s) on M if t(p) E T(T~M),Vp E M. We note
that, if M is finite dimensional,then T(T9M) may be identified with a spaceof

multilinearmapsasfollows. Theelement

ui®...®ur®&®...®~~ET(TpM)

is identified with themap of T((T~M)) to R definedby

~ ,v8) I.. ~(u1) ...~(ur)a’(vi) ...a
5(v

3).

Thismapisextendedby linearityto all of T(T~M). Wenotethat, if dim M = m,

then dim TM = m~
8.We observethat T~M = TM. The spaceT?M is denoted

by T~MandiscalledthecotangentspaccofM. WcdcfincT
0

0M := F(M)
Let g E T

2
0M; wesay that p is non-degenerateif, for eachp e M, g(p) is

non-degenerate,i.e.

g(p)(u,v)0, VvET~M=~~u=0.

A pseudo-metricon M is a p E T
2°M which is symmetricand non-degenerate.

Eachg(p) thendefinesaninnerproducton T~Mof signature(r, a) andindex i9 = a,
where r + a = dim M. If p is a pseudo-metricon M of index a thenwe say that

(M, g) is apseudo-Rieman.nian manifold of index s. If a = 0 , i.e. Vp E M, g(p)
is positivedefinite, then we say that (M, g) is a Riemannianmanifold. If a = I

i.e. Vp ~M ,thesignatureofg(p) is (dim M — 1,1) thenwesaythat(M,g) is a
Lo.mntzmanifold.Wenotethatapseudo-metricp inducesan innerproductonall tensor

spaces,which wealsodenoteby p. Thereareseveralimportantdifferencesinboth the
localandglobal propertiesbetweenRiemannianandpseudo-Riemanniangeometry(see,
forexample,J.K. Beem,P.E.Ehrlich [bBElJ, B. O’Neill [bONI]). Until recently,most
physicalapplicationsinvolved pseudo-Riemannian(in particular,Lorentz) manifolds.

However,thediscoveryof instantonsandtheirpossiblerole in quantumfield theoryand
subsequentdevelopmentof the so-calledEuciideangaugetheorieshas led to extensive

useof Riemariniangeometryin physicalapplications.
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We define A°Al’ := ..T( Al’) anddenoteby AkM, k � 1 , themanifold

A~cM=UA~M)
pEM

where

A’~(T~M)=T.MA...AT~M

k iImcs

is the vectorspaceof exterior k-forms on 7~M.We note that A1M = TM. If

dim M= rn and {ei,...,em} isabasisforTM then

{e A...Ae }II 15 ~~ <<$k<m

is a basisfor 4k(TM) . Thus

dim AkM=

A smoothmap

a: M AkM

is calleda k-form on M if a(p) E A’~(TM) , Vp E M. The spaceof k-forms on

M isdenotedby A k( M) . Wedefinethe (graded)cxlcnoralgebraon M, A (M) ,by

A(M) = ~Ak(Afl.

If dim M = m, Ak(M) = {O} for k > m. An rn-form ii iscallcdavolumc
formor simply volumcon M if Vp E M, v(p) ~ 0 . M is saidto be oricniablc if
it admitsa volume. Two volumes ii, w on Ad’ arc said to be equivalentif w = fzi for

some f ~ J( M) such that f( m) > 0, Vm ~ M. An oricntation of an oricntablc
manifold M is anequivalenceclassFr’] of volumeson M. If (M, g) is anoriented,

pseudo-Riemannianmanifold with orientation [v] , then wedefinethe metric volume
form ~ by ~i = v/~g(u,zi) jV2 . On an orientedpscudo-Ricmannianmanifold (Mg)
with metricvolume ~i , we definethe Hodgcstaroperator

*: A(M) —÷ A(M)

as follows. For ~ E A k( Al) , *~ E A ~ M) is the unique form suchthat

aA*~g(a,~)~, VaEAk(M).
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Let f ~ F(M, N) ; then f inducesthe following map

A(N) -4

calledthepull-backmap,definedas follows. If a E A°(N) = F(N) then f*a =

a 0 f e A°( M) = F(M). If a E A k( N), k ~ 1 , then fa E A k(M) is defined
by

(f
ta)(p)(ui,... ,Uk) =

=a(f(p))(TPf(ul),...,TPf(uk)),Vul,...,UkETPM

If f: M —~ N isa diffeomorphismandX ~ X(N) ,theelementf’X of X(M)
definedby

= Tf’ oX of

is calledthepull-backof X by f. Thenonecanextendthedefinition of thepull-back

map f (when f is adiffeomorphism)to thetensorfields of type (r, 8) . In particular
if X

1,... ,X~E X(N) and a
1,...,a8E A’(N) ,wehave

f*(X®X®al®as)=

Given X E X(M) and p EM ,anintegraicuzveofX through p isasmooth
curve

c:I—4M

where I is anopeninterval around0 E K ,suchthat c(0) = p and

~(t) := Tc(t, I) = X(c(t))

Vt E I. A local Ilowof X at p E M is a map

F: I x U —~ Al,

where U is an openneighborhoodof p, such that, Vq e U, the map Fq : I —~ M

definedby

Fg :1 F(t,q)
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isanintegralcurveofX through q. Onecanshowthat,VX E X(M), Vp e M,a
local flow F :1 x U -~ M of X at p existsandthemapF~definedby

F~(q)= F(t,q), Vq EU

is adiffeomorphismof U onto someopensubsetU~of M.

DEFINITION 1.3. Let X E X(M) , and ~j bea tensorfield oftype(r, a) on M. The
Lie derivative Lxii of ,~swith respectto X is the tensorfieldof type (r, a) defined
by

(L~n)(p) =

Vp EM, where F: Ix U —~ M isalocaiflowofX at p. Theabove definition
alsoappliesto differentialforms; then ~ E A k( M) implies L~r~E A k(M).

It canbeshownthat thedefinitionof Lie derivativegivenaboveis independentofthe

choiceof a local flow.

DEFINITION 1.4. Theexteriordifferentialoperatord ofdegreeI on A ( M) is themap
d : A(M) —~ A(M) defined as follows. 1ff E A°(M) then df E A’(M) is

defined by

df.X= Xf.

11w E A k(M), k > 0 , then dw is theunique (k + 1) -form suchthat

=

+ ~ (—l)’~’w(LxXf,Xo,...,k~,...,..kJ,...,Xk)
0<~<j<k

where Xh denotes suppression of Xh

a E A(M) is clo.ccd(rcsp. exact) if da = 0 (rcsp. a = do). Fromthe above
definition it follows that

d2 :=dod=0.
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Thuseveryexact form is closed. Theconverseof this statementis in generalvalid
only locally, i.e. if a E A ( M) is closedthen, Vp E M ,thereexistsa neighborhood

U of p suchthat alu is exact.This statementis calledthePoincardlemma.

DEFINITION 1.5. Let (M, g) bean rn-dimensionalorientedpseudo-Riemarznianman-
ifold ofindexi9. The codifferential 6 of degree —l isthemap 6 : A (M) —~ A ( M)
whichon A k(M) is definedby

6 := ( 1)19+mk+m+I *d*

where * is the Hodge star operator.

We observethatif f E A°(M) = F(M) , then 6f = 0.

DEFINITION 1.6. Let X E X(M) and a E A(M). The innermultiplication ixa
is defined as follows. If a E A°( M) = Y( M) , then ~ a = 0. If a E A k( M)
k> 1 , then i~a E A k1 ( M) isdefinedby

ixa(XI,...,Xk_I) =

In the following theoremwecollecttogethersomeimportantpropertiesoftheoper-

ators Lx,d,ix.

ThEOREM 1.1. (i) 1ff E Y(M,N) and a E A(N), then f*a E A(M) and

d(f*a) = f~(da).
(ii) X( M) isa Lie algebra with theproduct [X, Y] and

[X,Y] = L~Y, X,Y E X(M).

(iii) L~= s~od+ doi~on A(M).

(iv) dL~L~donA(M).
(v) ~1~y1 = L~iy— i~L~011 A(M).

A manifold sometimescarriesanadditionalmathematicalstructure.Animportantex-
ample of this is furnished by a Lie group.

DEFINITION 1.7. A (finite-dimensional)Lie group C isa (finite-dimensional)manifold
which carries a compatible group stivcture, i.e. the operations of multiplication and
taking the inverse aresmooth.
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A Liegroup (left)action of a Lie group C on amanifold M is a smoothmap

L:GxM~M

suchthat

M —4 M

definedby Lg(Z) = L(g, z) (alsodenotedbygX),isadiffeomorphismofM, Vg E C
and

Vg
1,g2 E C, L9g2 = o Lg2 and Le = idM,

where e is the identityelementof C. This maybe expressedby sayingthat the map

L : C .—+ Diff ( M) suchthat g i.—+ Lg is a group homomorphism.Theorbit of x E M
underthe C-action is the subset {gz I g E C} of M, also denotedby Cx. The set

of theorbits of the C-action L on M is denotedby M/L or by M/C when L is
understood.A C-action on M is said to be transitiveif thereis justoneorbit; in this

casewe also say that C actstransitively on M. If z E M , thenthe isotropygroup

H~of the C-action is definedby

= {g E C I = x

A C-action on M issaidtobefrceifg~r = X forsomeXE M,implies g = e,
i.e. if H~= {e}, Vx E M. A right C-actionon M maybedefinedsimilarly; then,

with obviouschanges,onehas the relatednotionsof orbit, transitiveaction,etc..

C actson itself by left multiplication. A vectorfield X E X(C) on C is saidto
be left invariantif it is invariantunderthis left action L ,i.e.

(L9YX=X, VgEC.

Theset of all left invariant vectorfields is a Lie subalgebraof X( C) and is called

theLie algebraof thegroup C and is denotedby g. ThetangentspaceTeC to C at
theidentity e is isomorphic,as a vectorspace,to g . This isomorphismisusedto make

T~Cinto a Lie algebraisomorphicto g . If E1 , I < i < m , is a basisfor g then
wehave

[Ej,Ek] = c~kE~,

wherewehaveused theEinsteinsummationconventionof summingover repeatedin-

dices.TheconstantsC~k arecalledthestructureconstantsof g withrespectto thebasis

{E%} . TheycharacterizetheLie algebrag and satisfythe following relations:
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(i) Ck = —Ck)

(ii) C)kC~m+ C~mC~j+ = 0 (Jacobiidentity).

A E g generatesa global one-parametergroup çb~of diffeomorphismsof C . We
define

exp(tA) :=

Thuswehavethe map exp : g —~ C definedby:

exp :A~q~1(e),

which is a homeomorphismon someneighborhoodof 0 E g . This homeomorphism

canbe used to define a special coordinate chart on C called the normal coordinate
chart. The map exp is called the exponential mapping and coincides with the usual
exponential functions for matrix groups and algebras. The adjoint action Ad of C on

itself is defined by

Ad : C -~ Aut C

suchthat h ~—* Ad(h) where Ad(h) : C —‘ C isdefinedby

Ad(h)g= hgh~.

This actioninducesanaction ad of C on g which is arepresentationof C , called

theadjoi.nt representationof C on g . Thecontragradientof thisrepresentationiscalled
the coadjoint representationof C on g* and is importantin the theoryof represen-
tations. The studyof this representationis the startingpoint of theKostant-Kirillov-

Souriautheoryof geometricquantization(seeR. Abraham,J. Marsden[bAB 1], [MA 101,
[MAll] andreferencestherein). If H is a closedsubgroupof C then H is aLie sub-

group and thequotient C/H is a differentialmanifoldwhich is calledahomogeneous
spaceof C. In fact if C actstransitively on M (i.e. given z, y E M thereexists

g E C suchthat y = gx) and if H is the isotropysubgroupof a fixed point in M,
then M is diffeomorphicto C/H.

EXAMPLE 1.1. Therotationgroup SO(n + 1) ofR~~’actson thesphereS’~transi-
tively The isotropygroup at (1,0,... , 0) maybeidentified with SO(n) . Thus the

sphereis a homogeneousspaceofthegroupSO(n+ 1)

S’~= SO(n+ l)/SO(n).
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The conformal group SO( n, I) actstransitivelyon theopenunit ball B’~C
with isotropygroupat the origin SO(n). Thus B~is a homogeneousspaceof the

conformalgroup, calledthePoincarémodelof thehyperbolicspacei.e.

= SO(n,l)/SO(n).

For n = 5 this constructionoccursin thestudyofthemodulispaceofBPSTinstan-
tons.

A standard reference for the theory of Lie groupsis S. I-Ielgason[bHEI}.

1.2. Physicalbackground

Maxwell’s electromagnetic theory provides the simplest example of a gauge theory,

with the field equationsbeinggivenby Maxwell’s equations.Wethereforebeginwith a

brief review of Maxwell’s equations,which in classicalform aregivenby:

div B = 0

curl E = —~B/~t

div E = p

curl B = J + 9E/~9t

where the electric field E and themagneticfield B are time dependentvectorfields

on somesubsetof R3 and p and J are the chargeand currentdensityrespectively.
Theseequationsunified the separatetheoriesof electricity and magnetismandpaved

the way for important advances in both experimentaland theoreticalphysics.With the

introductionof the fourdimensionalMinkowski space-timeM4 it becamepossibleto
describeboth theelectricand magneticfields aspart of a skew-symmetrictensorfield,

or a differential 2-form F, on M4 as follows. Usingthe standardcharton M4 and

the inducedbaseson thetensorspaces,thetensorF hasthe componentsgivenby:

Fk
4=Ek,l<k<

3 F
12=B3, F23=B1, F31=B2.

Maxwell’s equationswritten in termsof F are

dF=0, 6F=j,

where j = (J, p) is thecurrentdensityI-form and 6 = *d* is the codifferentialoper-

atoron 2-formsof M
4 . Thesource-freefield equationsareobtainedby settingj = 0

and can be written as

dF=0, d*F=0.
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It is well known that the Maxwell’s equationsare globally invariantunderthecon-
formal group and in particular, under the Lorentz group. Their Lorentz invarianceis the
startingpoint of Einstein’s theory of Special Relativity. Theyare also invariant under a
local groupof transformationsknown as gaugetransformations.This invariancearises

as follows. On M4 theequation dF = 0 implies that the field F is derivablefrom
a 4-potentialor 1-form A, i.e. F = dA. However, thepotential A is not uniquely

determined.If B is anotherpotential suchthat F = dB , then d( B — A) = 0 andthis
impliesthatB—A= di,b, ~fJE .T(M4) . ThuswemaythinkofthepotentialB asob-

tamedby a gaugetransformationof A by ~. Since ~ is real valuedthis corresponds
to a changeof scaleat each point. H. Weyl [WE3}, [WE4}soughtto incorporatethe
electromagneticfield into the geometricstructuresassociatedto the space-timeas aris-
ing from local scaleinvariance.He referredto this scaleinvarianceas <<eich-invarianz>>

and this is the origin of themodemterm gaugeinvariance.In factwith slight modifica-
tions replacinglocal scaleby local phasetaking valuesin theunitarygroup U( 1) , one

obtainsa formulation of Maxwell’s equationsas gaugefield equations.Wewill discuss
this formulation in section6.1.

Maxwell’s equationswritten by using F admit immediate generalization to the case
when the Minkowski space is replaced by an arbitrary four dimensional Lorentz man-

ifold. According to Einstein’s theoryof gravity the gravitationalfield is describedby
the Lorentzmetric of the space-timemanifold. Thus it was naturalto look for a uni-

fied theoryof gravity and electromagnetism.Oneapproachleadsto theKaluza-Klein

theory [KA1], [KL1] which usesa five dimensionalpseudo-Riemannianmanifold and a
suitable (4 + 1)-dimensional decompositionto obtainEinstein’sandMaxwell’s equa-
tions from the five dimensional metric. The ideasof Kaluza-Kleintheoryhavebeen
applied to higher dimensional manifolds to studycoupledfield equationsandtheprob-

lem of dimensional reduction. For a moderntreatment of Kaluza-Klein theories, see R.
Hermann[bHE2],R. Coquereaux, A. Jadczyk [bCOl].

In 1954 Yang and Mills [YA7J,[YA8] obtainedthe followingnow well knowngauge

field equationsfor thevectorpotential b~of isotopicspinin interactionwith a field ~

of isotopic spin 1/2

afMV/azV+ 2c(b~x f~)+ .~ = 0

where,

f,~= 8b~/az~— 8b~/8x~— 2eb~x

and is the current density of the source field ~. There was no immediate physical
applicationof theseequationssincethey seemedto predictmasslessgaugeparticlesas
in Maxwell’s theory. In Maxwell’s theorythemasslessparticleis identifiedas photon.
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Nosuchidentificationcouldbe made for the massless particles predictedby Yang-Mills

theory.Thisdifficulty is overcomeby theintroductionof the +~Higgsmechanism>>[H12]
which shows how spontaneous symmetry breaking can give rise to massive gauge vector
bosons by a gauge transformation to a particular gauge called the unitary gauge (see

section 6.5). This paved the way for a gauge theoretic formulation of the electro-weak

theoryand subsequent developmentof the generalframeworkfor gaugetheories.
The Yang-Mills equationsmaybe thought of as a matrix valued generalization of the

equationsfor theclassicalvectorpotentialof Maxwell’stheory. Thegaugefield thatthey
obtainedturns out to bethecurvatureof a connectioninan SU(2) principalfiberbun-
dle. Thegeneraltheoryof suchconnectionswasdevelopedin 1950by Ehresman[EHI].
Howeverit was notuntil 1975 that the identificationbetweencurvatureand gaugefield

wasmade. This identificationunleasheda flurry of activity amongbothphysicistsand
mathematicians and has already had great successessomeof which were indicated in

the introduction. Since the physical and mathematicaltheorieshavedevelopedinde-
pendentlyeachhas its well establishedterminology. Wehaveusedthenotationthat is
primarily usedin the mathematicalliteraturebut we havealso takeninto accountthe

terminology that is most frequently used in physics. To help the reader we have given
at the end of the papera dictionary indicating the correspondencebetweenthe termi-

nologiesof physicsand mathematics,preparedalong the lines of A. Trautman[bTRI],
and T. Wu [WUI]. The physical literature on gaugetheory is vastand is in general

aimed at applications to elementary particle physics and quantum field theory. Wecite
here only a few referenceswhich maybeconsultedto gain someunderstandingof these

and related aspects of gauge theories. They are T. Cheng, L. Li [bCH2], L. Fadeev,A.
Slavnov [bFAI], A. Jaffe [JA6I, C. Quigg [bQUl], and G. ‘t Hooft [THI]. For quan-

tum field theories and related topics, see for example, R. Feynman,A. Hibbs [bFE2],C.
Schulman [bSCl], P. Goddard, P. Mansfield [GO1].

2. PRINCIPALBUNDLESANDTHEIR ASSOCIATEDBUNDLES

2.1. Principal bundles

Webegin by recalling the definition of a differentiable fiber bundle.

DEFINITION 2.1. A differentiable fiber bundle E over B is a quadruple ~ =

= (E, B, ir, F) , where E, B,F are differentiablemanifoldsand themap ‘yr: E —~ B
isan opendifferentiablesurjectionsatisfyingthe followinglocal triviality property:

(LT) Thereexistsan opencovering { U1 }IEI ofB andafamily ~ ofdiffeomor-
phismsiJ~: U1 x F —+ 7r (U1), Vi E I satisfyingtheconditions(it o ~) ( it, g) =

it, V(z,g) EU, x F.

The family {( U1, ~) }~is calleda local coordinaterepresentationor a local Lriv-
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iaiization of the bundle (. E is called the totalspaceor the bundle space, B the
basespace, ‘yr the bundleprojectionof E on B , and F the standardor typicalfiber.

E~:=ir1(z), iscalledthefiberofE overxEB.
The bundle i- = (B x F, B, it, F), where ir is the projection onto the first factor, is

called the trivial bundleover B with fiber F. The total spaceof the trivial bundle i- is

B x F. For this reason a general fiber bundle is sometimes called a twistedproduct of
B (the base) and F (the standard fiber). A fiber bundle (= (E, B, it, F) is sometimes
indicated by a diagram as follows:

E

B

One can verify that the map ~ : F —~ E~defined by g i—p ~
1(x,g), Vx E

U1., Vi E I, is a diffeomorphism. If U1 fl U5 ~I 0 then we write U15 = U1 fl U5 and
define

(2.1) : U11 —~ Diff(F) by ,(x) = o

The functions are called the transition functionsfor the local representation.

They satisfy the following condition:

(2.2) ~15(x) o ~PJk(2)~~Pk1(~)= idF, Vx E UI/k,

where we have written U15~= LI1 fl U5 fl Uk. Thecondition(2.2) is referred to as the

cocycleconditionon the transition functions. Wenote that, given the base B, the typical
fiber F and a family of transitionfunctions {~,, } satisfying the cocycle condition (2.2),
it is possible to construct the fiber bundle E. Given the bundles (= (E,B, it, F) , (‘ =

(E’, B’, it’, F’) abundlemoiphismf from (to (‘isa differentiable map f: E —~

such that f maps the fibersof E smoothly to the fibers of E’ and therefore, induces
a smooth map of B to B’ denoted by f0. Thus we have the following commutative
diagram:

ELE’

B—’B’
10

If B = B’, f is injective and f~ = idB , then we say that (is a subbundleof (‘. If

(= (E, B, it, F) is a fiber bundle we frequently denote by E the fiber bundle ( when
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B,ir,F are understood. If ( = (E,B,ir,F) is a fiber bundle and h E .F(M,B),
where M is a manifold, then we candefine a bundle ht( = (h~E, M, h*lr, F) , called

the pullbackof the bundle E to M as follows. hE is the subset of M x E of the
couples (p, a) E M x E such that h(p) = ir(a) and one can show that it is a closed

submanifoldof M x E. hir is the restriction to h1E of the natural projection of

M xE onto M. Themap h lifts to auniquebundlemaph: h~E—~ E suchthatthe
following diagramcommutes:

hE-~E

M —~B
h

A smooth map s : B —~ E such that it o .s = idB is called a (smooth)section

of the fiber bundle E over B. Wedenote by r (B, E) or simply F ( E) thespace

of sections of E over B. If U C B is open then we denote by F( E
1~)the set of

sectionsof thebundle E restrictedto U. If p E U and s E F( Ei~)thenwesay that
s isalocal sectionof E at p.

Choosing local coordinates { it’ I I < i < m} in a neighborhood of p E B and
{f,y

1 1 <i < m, 1 <j <n} inaneighborhoodof s(p) E E,wecanthinkofs

as a function from IR~to Rm+n:

s: (it’) ~(x’, y5(itt,it2,...,itm)).

The Taylor expansionof s at p clearly dependson the local coordinateschosen.

However, if two local sections a and t have the same k-th orderTaylorexpansionat
p in one coordinate system, then they have the same k-th order expansion in any other

coordinate system. This observation can be used to define an equivalencerelation on
local sections at p. An equivalence classdeterminedat p by the section a is called the

k-jet of a at p and is denotedby Jk(s)~. Wedefine the k-jetofsectionsof E over

B, Jk(E/B) (alsodenotedby Jk(E) ),by

Jk(E/B) : { fk(
8) p E B, .s is a local section of Eat p

Jk(E/B) is a fiber bundle over B with projection irk : Jk(E) -~ B defined

by irk~’~c( s)~)= p. and a fiber bundle over f
1( E/B), 0 < I < k, with projection

Jk(E) —4 J1(E) defined by irjc(j/c( .s)~) = jt( s)~.In particular Jk( E) is a fiber

bundle over J°( E) = E. A section a E F ( E) induces a section
1k( s) E f ( fk( E))

defined by Jk(8)(~) = Jk(3) We call j~c(s)the k-jctextensionof a. The map

,k:F(E) _F(Jk(E)) definedby:

a ~
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is called the k-jetextensionmap. If M,N are manifoldsthen we definethe space
Jk(MN) of k-jets of maps of M to N by

Jk(MN) = Jk((M x

where M x N is regardedas a trivial fiber bundleover M. It ispossibleto definethe

bundle Jk(M, N) directlyby consideringthe Taylorexpansionof local mapsup to or-
der k. Jetbundlesplaya fundamentalrole in thegeometricalformulationof variational
problemsand in particularof Lagrangiantheories[GAl], [GO2],[KUI].

Let (= (E,B,ir,F) beafiberbundle.IfaLiegroupC isasubgroupofDiff(F)

suchthat, for eachtransitionfunction i/.,,, of (, ~15(z)E G, Vi E U15 and is a
smoothmap of U,, into C, then wesay that ( is a fiber bundlewith structuregroup

C. We now give thetwo mostimportantcasesof fiberbundleswith structuregroup.

DEFINITION 2.2. A fiber bundle ( = (E, B, it, F) with structuregroup C is calleda

vectorbundle with fiber type F if F is a finite dimensionalBanachspaceand C is
theLie group ofthelineardiffeomorphismsof F. In particularif F is a real (resp.
complex)vectorspaceofdimensionn and C = CL(n, R) (resp. C = GL(n, ~J2))

then we call ( a real (resp. complex)vectorbundleof rank n.

Wenote that in the case of a vector bundle of rank n the transitionfunctionsturnout
to be automatically smooth. Let B,H be two vector bundles over B. The algebraic

operationson vectorspacescanbeextendedtodefinevectorbundlessuchas E~H,B®
H, Hom(E,H) by usingpointwiseoperationsonfibersoverB. In particular,wecan

form thebundle (A’~B) ®E. Thesectionsof this bundlearecalled k-formson B with
valuesin thevectorbundleE orsimply vectorbundlevalued(E-valued)k-forms. We
write A k (B,E) for thespaceof sectionsF ((Ak B) ® E) . Thus c~E A k( B,E) can
be regardedas defining for each it E B a k-linear,anti-symmetricmap o~of T~B

into E~.In particular, A°(B,B) = F( E) . If E is atrivial vectorbundlewith fiber
V ,thenwecall A k(B,E) thespaceof k-forms with valuesin the vectorspace V or
vectorvalued( V-valued) k-forms anddenoteit by A k(B, V)

Let V1,V2,V3 bevectorspacesandh : V1 x V2 —~ V3 abilinearform. Let a E

A~(B,V1),f3 E A~(B,V2) ; then we define a A~, ~3E A~~(B,TI3) as follows. Let

{u1} be a basisof V1 and {v5} a basis for V2 . Then

cxa
1u /3=8’v

3,

where a’ E A P( B) and ~3’E A ~(B) . Then

a Ah ~ := a’ A ,B’h(u1,v5).
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Thereare severalimportantspecialcasesof this operation.Forexampleif h is an

innerproductonavectorspaceV ,then aAh/3E A~4~(B).If V isaLiealgebraand

h is theLie bracket,then it is customaryto denote a Ah 13 by [a, ~3].Thus

[a,/3] :a’A13’[uI,uJ]=c~a’A13’uk,

where ~ arethe structureconstantsof theLie algebra.If B is apseudo-Riemannian

manifold with metric g and h is an innerproducton V then A k(B V) becomesan
innerproductspace,with innerproductdenotedby ( , , definedby

=

where ( , )~is the inner producton A k(B) inducedby p . In particularif V is a

semisimpleLie algebra,then a multiple of the Killing form is a positivedefinite inner

producton V. The innerproduct ~ , with h the Killing form and p a Rie-

mannianmetric, is positivedefinite and canbe usedto definethenorm or energyof a
by

~(a, a)(9h).

Theconstructionsdiscussedaboveforvectorvaluedforms canbeextendedto apply

to vector bundlevaluedformsby usingtheir pointwisevectorspacestructures.

EXAMPLE 2.1. Let TM be the tangentspaceofthe rn-dimensionalmanifold M and

it : TM —+ M thecanonicalprojection. Then (TM, M, it, Rm) is a vectorbundleof

rank rn, calledthe tangentbundle of M. A k-dimensional distribution on M isa
vectorbundleofrank k overM whichis a subbundleofthe tangentbundleofM.

DEFINITION 2.3. A fiber bundle (= (P,M, it, F) with structuregroup C is calleda

principal fiber bundleover M with structuregroupC if F is a Lie groupand C is
theLie groupofthediffeomorphismsh of F suchthat

h(g
1g2) = h(g1)g2.

Wenote that C is isomorphic to F. A principal bundleover M with structure
group C isdenotedby P(M, C).

Equivalentlyaprincipal bundle P( M, C) with structuregroup C over M maybe

defined as follows.
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DEFINITION 2.4. A principal bundle P(M, C) with structuregroupG over M isa
fiberbundle (P,M, it, C) with a freeright action p of C on P suchthat

(i) theorbitsof p arethe fibersof it: P —~ M i.e. it may be identified with the
canonical projection P —. P/C

(ii) V~:U x C —~ it~
1(U) whichisa local trivialization of P, writing u~sin

theplaceof p(u~,s),onehas

= i,LI~(u)a Vu~E P
1, SEC.

We give below an exampleof a principal bundle that is naturallyassociatedwith

everymanifold.

EXAMPLE 2.2. (Bundleof frames)Let M be an rn-dimensionalmanifold. A frame
u = (u1,. . , Urn) at a point it E M is an orderedbasisofthe tangentspaceT~M.
Let

L~(M)= {u I u isaframeatzE M},

L(M) = U L~(M).
zEM

Define theprojection

it: L(M) —~ M by u ~ z, where U E L~(M)C L(M).

The general linear group CL(m, R) acts freelyon L( M) on theright by

(u,g) p—. ug = (u1g’1,u1g’2,.. ‘ ,u1g’~,),g = (g)) E CL(rn,R).

It can beshownthat L(M) can begiven thestructureofa manifold suchthat this
GL(rn, R) actionissmooth. Then L( M) (M, GL(m,R)) isaprincipal bundleover
M withstructuregroup GL(m, R). Thisprincipalbundle L( M) iscalledthebundle
of framesof M.

Let P( M,C) and Q(N, H) be two principal fiber bundles. A principal bundle
homomorphismof Q( N, H) into P( M, C) is a bundle homomorphism f: Q —~ P

togetherwith aLie grouphomomorphism‘y: H —~ C suchthat

f(uh) = f(u)~(h), Vu E Q,h E H.

If f is an imbedding(i.e. a diffeomorphismontoa submanifold)and ‘y is injective
then we say that Q is imbeddedin P. Note that in this casethe inducedmorphism
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f0 : N —+ M is also an imbcdding. If M = N and f0 = idM, then Q is calleda
reducedsubbundleof P or a reductionofthe structuregroup C to H where H is

regardedasa subgroupof C.

If H is amaximalcompactsubgroupof C thenit canbeshownthat (D. Husemoller

[bHUI], N.E. Steenrod[bSTl]) the bundle P(M, G) can be reducedto a bundle
Q( M, H) . An applicationof this resultto thebundleof frames L( M) (Example2.2)
showsthat L( M) ( M, CL(m,IR)) canbereducedto asubbundle0(M) withstructure

group0( m,R), theorthogonalgroup.Thebundle 0(M) (M, 0( rn IR)) is calledthe

bundle of orthonormalframeson M. Furthermore,this reductionis equivalentto the

existenceof a Riemannianstructureon M. The structuregroup 0( rn, R) of 0(M)
canbereducedto the specialorthogonalgroup S0(m,R) if and only if the manifold

M is orientable. The reducedsubbundleof specialorthonormalframesis denotedby

S0(M)(M,S0(m,R)).
On the other hand in somesituationsoneis interestedin extendingor lifting the

structuregroupof abundleto obtainanewprincipalbundlein thefollowing sense.Let

P( M,C) bea principalbundlewith structuregroup C. Let H beaLie groupandlet

f: H —+ C beasurjective, covering homomorphism (see Chapter 4, for anintroduction

to the topological concepts used in this paragraph)suchthat K = Ker f C Z(H),

the center of H. Wesay that P(M, C) has a lift to a principalbundle Q( M, H) with
structuregroup H , if thereexistsa bundlemap

j: Q —~ P such that J(uh) = ](u)f(h) Vu E Q, h E H.

UsingëechcohomologyGreubandPetry [GR2]haveshownthat thereexistsa topo-

logical obstruction rj( P) E H
2( M, K) to thelifting of P( M, C) to Q( M, H) ,with

thepropertythat

h E Y(N, M) implies that ‘q(h~(P))= h(’q(P)).

An important special case that appearsin many applications (see, for example, [SEI],

[TA4], [TH2]) is when f is the universal covering map. In this case K is isomorphic
to ir

1(C) ,the fundamental group of C and hence i7(P) E H
2(M,ir

1(C)). The

following theorem gives the obstruction i~(P) in terms of well known characteristic

classes for three frequently used groups.

THEOREM2.1. In the following H denotestheuniversalcoveringgroupofC.

1) C = 80(n), H = Spin(n). In this case q(P) = w2(P) E
where w2(P) isthesecondStiefel-Whitneyclassof P.

2) C = S0(3, 1)4 , theconnectedcomponentoftheidentityof theproperLorentz

group, H = SL(2, (12). In this caser1(P) = w2(P) E H
2(M,Z

2),where w2(P)
is thesecondStiefel-Whitneyclassof P.
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3)C=U(n), H=RxSU(n).Inthiscase~(P)=c
1(P) EH

2(M,Z),

where c
1 (P) is the first Chemclassof P. •

The followingexampleis atypical applicationof theabovetheorem.

EXAMPLE 2.3. Let M be an oriented Rienjannianmanifold. Then its bundle of special
orthonormalframesS0(M) is a principal S0(m,R) bundle. We say that M is a
spinmanifoldor thatM admitsa spinstructureif thebundle S0(M) canbeextended
to thegroupSpin(m,R). The principal bundleobtainedbythisextensioniscalledthe

spin(frame-)bundleandisdenotedby SP(M) ( M, Spin(m,R)) . LetSP(M) x,~,V

bethe bundleassociatedto SP(M) by therepresentationp of Spin(rn,R) on the
complex vectorspace V. Then S,, = F ( SP(M) x~V) iscalled the space ofspinorsof

type p. Bypart I) oftheabovetheoremwecanconcludethat M admitsa spinstructure

if and only if w2( M) : = w2 (S0(M)) the secondStiefel-Whitneyclassof M is
zero. Topologicalclassificationofspin structuresisgivenin [M12]. The mathematical
foundations of the theoiy of spinorswere laid byE. Cartan in [bCAl], where the Dirac
operatorwasintroducedtostudyDirac ‘s equationfor the electron. This operator andits

variousextensionsplaya fundamentalrole in thestudyofthetopologyand thegeometry
ofmanifoldsarisingin gaugetheoryaATlO]).

Let P( M, C) bea principalbundle.Theaction p of C on P inducesaninjective

homomorphismof theLie algebra g of C into X(P) (the Lie algebra of the vector
fields on P) as follows. Let A E g andlet a~= exp(tA) be the one-parameter
subgroup of C generatedby A. Restrictingthe action p of C to ezp(tA) we geta

smooth curve

u ezp(tA) := p(u,ezp(tA))

through u E P. Thetangentvectorto this curveatthepoint u E P is denoted by A,~.
The fundamentalvectorfield A E X( P) correspondingto A E g is definedby the
map

u ‘—‘ A~.

Onecanverify that themap ~ from g to X(P) definedby

is an injectiveLie algebrahomomorphism.We note that, since C acts freely on P,

A ~ 0 implies A~~ 0, Vu E P. MoreoverA hasanotherimportantproperty,for
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which weneedto give the notionof vertical vectorfield. Y E X(P) is said to be a

vertical vectorfield if Y,~is tangentto thefiber of P through u, Vu E P. Wedenote
by 1(P) thesetof vertical vectorfields on P. V(P) is a Lie subalgebra of X( P).

Since C preservesthe fibers(i.e. actsverticallyon P), A is averticalvectorfield and

the map

~:g—*V(P)deflnedby AF—~A

is a Lie algebraisomorphisminto 1(P) and inducesa trivialization of the vertical

bundle V(P) ~ P x g

2.2. Associated bundles

Let P( M, C) bea principal fiber bundleand F be a left C-manifold , i.e. C acts

by diffeomorphismsfrom the left on F. Wedenote by r this action of C on F and
by gf or r(g)f theelement r(g, f). Thenwehavethe following right action R of

C ontheproductmanifold P x F

(u,f)g=(ug,r(g~)f),VgEC,(u,f)EPxF.

Theaction R is freeandtheorbit space(P x F) /R is denotedby P x,. F or by

E( M, F, r, P) (or simply E). Wedenote by

O:PxF—~E

the quotientmap, calledthe projectiononto the orbits of R, and by Eu, f] the orbit
O(u, f). Wehavethefollowing commutativediagram

PxF ~4 P

where irE : B —* M is definedby [u, f] ~ ir( u) and p~is the projectiononto

the first factor. (E, M, irE, F) is a fiber bundleover M with fibertype F. We call
p x~F or E( M, F, r, P) the fiberbundleassociatedtoP with fiber type F If F is a
vector space then E is calledthe vectorbundle with fiber type F associatedto P.

EXAMPLE 2.4. Let Ad denotethe adjoint actionof C onitself Then P xAdC is a

bundleofLiegroupsassociatedto P , denotedby Ad (P) . Let ad denotetheadjoint
actionofC on its Lie algebra g. Then P x ad g is a bundleofLie algebrasassociated
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to P, denotedbyad (P) . ThebundlesAd (P) and ad(P) play a fundamentalrole

in applicationsto gaugetheory.

Eachu E P induces an isomorphism

ü : F —~ E,~1, definedbyii(f) =

where C) is theorbit projection.Wenotethat themap ü satisfiesthefollowingrelation

(ug)(f) = ü(gf), Vg E C.

Wedenote by ..T~( P, F) thespaceof 6-equivariantmapsof P to F, i.e.

:= {f: P —~ F I f(ug) =

RecallthatF(E) = FM(E(M,F,r,P)) isthespaceofsmoothsectionsofE over

M. Thereexistsa one-to-onecorrespondencebetween.7~(P, F) and F( E) which
is defined as follows. If f E ~ P, F) wedefines~E F ( E) by

s1(it) = [u,f(u)], whereuE it’(z).

It is easytoverify that iswell definedandthat f i—p s1 is a one-to-one correspon-

dencefrom .J~(P, F) to F ( E) with the inverse defined as follows. If a E F( E),

then .1, E .F0(P, F) is defined by

f~(u)= u~(s(it(u))).

EXAMPLE 2.5. The tangentbundle TM is an associated bundle of L( M) with fiber

type R
mandleftaction r givenbythedefiningrepresentationofCL(m, R) on

i.e.

TM = E(M,Rrn,r,L(M)).

For u E L~(M)wehavethemap

ü : W’~ ..

which is a linear isomoiphism. Thus we could define a frameby themap ü usingthe
vectorbundlestructureofTM with theactionofCL ( m,R) givenby thecomposition

u .~ = hog, Vg E CL(m,R)

where g is regardedasa mapfrom Rm to FC’~.Similarly it canbeshownthat the
various tensorbundlesT~(M) and formbundlesA k(M) are associatedbundlesof

L(M).

Associatedbundlescanbe usedto give the following formulationof theconceptof
the reduction of the structuregroup of a principal bundle.
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THEOREM 2.2. If H isa closedsubgroup ofC , thenthestructuregroupC ofP( M,C)
is reducibleto H if andonlylitheassociatedbundle E( M, C/H, q, P(M, C)) admits

asection(whereq is thecanonicalactionof C onthequotient C/H). .

The theory of fiber bundles occupies a central place in modemmathematics. Standard

references are D. 1-lusemoller [bHUl], N.E. Steenrod[bSTl].

3. THEORYOFCONNECTfONS

3.1. Connections in a principal fiber bundle and curvature

Let P( M, C) be a principal bundle with structure group C and canonical projection

it overamanifold M of dimension m.

DEFINITION 3.1. A connection F in P(M, C) is an rn-dimensionaldistibution H

on P suchthat, the followingconditionsare satisfiedforall u E P,
(i) T,hP = V,~+ H~,where V,h = Ker(it~~) is the verticalsubspaceofthetangent

space T.~P,
(ii) H~(~)= (Pa),Hu, Va E C, where (Pa) is the right action of C on P

determined by a.
Thecondition(ii) mayberephrasedas
(ii)’ thedistribution H isinvariant under the action of C on P.

Wecall H~ the F -horizontal subspace of TOP. Condition (i) allows us to de-

compose each X E T~Pinto its verticalpail v(X) E V,~and the horizontal part

h(X) E H~.If YE X(P) is avectorfield on P then

v(Y) : P—~TPdeflnedbyuE--÷v(Y~)

and

h(Y) : P -~ TP definedby u i-.+ h(Y~)

arealsoin X( P) . Weobservethat

H~—~ T~(~)M

is an isomorphism.Thevector field Y E X(P) is said to be F-horizontal if Y,~E

H~,Vu e P. The set of horizontalvectorfields is a vectorsubspacebut not a Lie
subalgebraof X( P). For X ~ X( M) the F-horizontallift (or simply the lift) of
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X to P is the uniquehorizontalfield X’~E X(P) suchthat it~X’~= X. Notethat

Xh E X( P) is invariant under the action of C on P arid everyhorizontalvector
field Y E X( P) invariantunderthe actionof C is the lift of some X E X( M) , i.e.
Y= X” forsome XE X(M) . Asmoothcurvec in P (i.e. C: I—+P isasmooth

functionfrom someopeninterval I C R) is called horizontalif à(t) E H~t),Vt E I.
A section S E F ( P) is calledparallel if

s~(T~M)C H8~, ViE M.

Givenacurvex : [0, 1] —* M and w0 E P suchthatir(w0) = z(0) ,thereisa
uniquehorizontallift w : [0, 1] —~ P of thecurve z suchthat

ir(w(t)) = x(t),Vt E [0, 1],

i.e. thecurve w in p is horizontaland ir(w(t)) = z(t). Given a closedcurve x
at p E M, i.e. p = = x1 , thehorizontallift inducesan isomorphismof thefiber
ir~( p) . The setof all such isomorphismsforms agroup calledtheholonomy~oup of
F at p E M. It canbeshownthattheholonomygroup isisomorphicto a Lie subgroup

of the structuregroup C.
If X, Y E X ( M) and f E F( M) ,thenthefollowing propertiesareeasilyverified:

(i) Xh+Yh=(X+Y)h,

(ii) (irf)X’~ = (IX)h

(iii) h( [X’~ Y’~J)= [X , YJh.

We recall that a k-form c~on P with valuesin thevectorspace V is a map

u p—’

where

cx~:T~Px...xT~P—~V

k times

is amultilinearanti-symmetricmap.Givena basis {v1}1<1<~in V , wecanexpressc~
astheformal sum

=

where c~E A~c(P),Vi. WedefineaI-form WE A’(P,g) on P withvaluesinthe
Lie algebrag by usingthe connectionF as follows

w(X) =
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where ~ : g —~ “1(P) is the isomorphismdefinedat theendof section2.1. The 1-

form w is called the connection1-form of the connection F . It canbeshown that the

connectionI-form w satisfiesthe following conditions(3.1) and (3.2)

(3.1) w(A) = A, VA E g,

(3.2) (PUYW = ad(a’)w, Va E C.

Condition (3.2) meansthat w is C-equivariant.Conditions(3.1) and (3.2) charac-

terizetheconnectionw on P. In factonemaygive the followingalternativedefinition

of aconnection.

DEFINITION 3.2. A connectionin P( M, C) is a 1-form w E A ‘(P, g) whichsatisfies

theconditions(3.1) and (3.2) given above.

Note that givena I-form w satisfyingthe conditions(3.1) and (3.2) we candefine

thedistribution H : u -~ H~on P by

(3.3) H~:= {Y E T~Pw~(Y)= 0}.

Onecanthenverify thatthe distribution H is rn-dimensional and defines a connec-
tion F according to the definition 3.1 and the connection 1- form associatedto F is

W.

Wenow motivate a third definition of a connection in terms of a local representation

of thebundle P( M, C). Let W be a connection on P( M, C) . Let {( U;, i
1~)}iEI be

a local representationof P( M, C) with transitionfunctions

i,b~,:U~—* C.

Let e E C be the identity elementof C and let ; : U, -~ P bea local section
definedby

=

Define the family {w~}
1~1, of 1-forms

W1EA’(U;,g) by w1=a~(w)

where w is a connectionon P. Let e E A ‘(C, g) bethecanonical1-form of C;
thenwriting 0;) = ~t~0 , weobtain the following relations

(3.4) w,(x) = ad(i~5,1(z)~’w1(z)+ 0;j(X), Vx E U,,, andVi, j El.
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Thus, given a connectionw on P. we have a family {(U~,~~,w1)},~1where

{(U~,i/.’1)}1~1is a local representationof P and {w1}1~1is a family of I-forms sat-

isfying the conditions(3.4). Vice versa,given sucha family {( U1, ~, w1)}~ sat-
isfying the conditions(3.4), this determinesa connectionin the following way. Let

ir~(U1) — U1 x C and let Pi ~P2 bethecanonicalprojectionsof U, x C on

the first and second factors respectively. Let

= (~ ~ ~~I)*~ + (P2 0

Then o~, E A ‘(it~’ ( U,) , g) . Define w E A
1 (P,g) by w = at, on it~ (U

1) . This
is well defined because on the intersection it (U11) the conditions (3.4) guaranteethat
at, = at~..Thenonecanshow that w is a connection according to the definition 3.2.

Thuswe may give the following third definition of a connectionequivalentto the two
definitions given above.

DEFINITION 3.3. A connection in P( M,C) is a family oftriples {( [I,, vi,, w1)},~,

where {(U,, i~~))~~jisa local representationofP and {w~}~�1isa familyof 1-forms

satisfyingtherelations(3.4).

Frequently it is this local definition that is used to constructa connection.

EXAMPLE3.1. Let M be a paracompactmanifoldand let P = L( M) bethe bundle
of frames on M. Recall that M admits a Riemannian metric so that the bundle of

framesL( M) canbe reducedto a bundleoforthonormal frames. By using the local

isomorphism with R
m and pulling back the flat connection to L( M) , weobtaintheso

calledRiemannianconnectionin L( M).

Let ~ E A k( P, V) be a k-form in P with valuesin a vectorspace V. Let r

C —‘ CL( V) be a representation of C on V. We saythat ~ ispseudo-tensoriaiof
type (r, V) if

pçb = r(a~) ‘~, Va E C.

A connection I-form w on P is pseudo-tensorial of type (ad, g) . The form c~E

A k( P, V) is calledhorizontal if

if some X
1, I < i < k is vertical. The form ~ E A k( P, V) is called tensorial of

type (r,V) if it is horizontal and pseudo-tensorial. If the k-form ~ E A~(P,V) is
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tensorialof type (r, V) thenthereexistsa unique k-form on M with valuesin the
vectorbundle E = P x~V definedas follows:

s~(z)(X,,X2,...,Xk)=ü~(u)(Yl,Y2,...,Yk),VzEM

where tt E ir’(z) and Y~E T~Psuch that Tir(Y,) = X1, I < i < k. Due
to tensorialityof ~ this definitionof s~is independentof thechoiceof u and Y,.

We call 34, E A k(M,E) the k-form associatedto ~. Wenote that the one-to-one

correspondencef I—+ 3,~.between ~( P, F) and F ( E) defined in section2.2extends
to a one-to-one correspondence ~ ~—* .s~of tensorial forms of type (r, V) and forms
with valuesin the vectorbundle E definedabove.

Given a connection 1-form w on P wedefine

c~:Ak(P,g) —~A~(P,g)

by

~

We definethe curvature 2-form ~2E A
2(P,g) by

(3.5) := d~”w.

It iseasyto verify that ~I is a tensorial2-formof type (ad, g) and that it satisfies

the following conditions.

(3.6) dw(X,Y)= ~(X,Y) — ~[w(X), w(Y)].

Equation(3.6) is calledthestructureequation and is oftenwritten in theform

dw ~ —wAw.

Usingthedefinition(3.5) weobtain the following Bianchi identities

(3.7) d~c2=0.

Thereexistsaunique2-form F~E A2 ( M, ad (P)) associatedto ~1 sothat

(3.8) F~=

The2-form F,, is calledthe curvature2 -form on M corresponding to the connec-

tion w on P.
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Linearconnections

Let L(M) bethebundleofframesofM . Thenwehaveseenthat L(M) isaprin-

cipalbundlewith structuregroup CL(m, R) . A connectionon thisprincipalbundleis

called a linearconnection.If M is aRiemannianmanifold, then the structuregroup
CL(m,R) canbe reduced to the orthogonal group O( m,R). A connection on the
reducedbundleis calleda Riemannianconnection.Similarly if M is a Lorentzman-
ifold, thenthe structuregroup CL(m,F~)canbe reducedto theLorentz group. The
framesin thereducedbundlearecalled local inertial frames andthe connectionon the

reducedbundleis calleda Lorent.zconnection.If rn = 4 then theLorentz manifold

M iscalledaspace-timemanifold. Theconnectionandcurvaturecanbeinterpretedas

representinggravitationalpotentialand field.
Recall that thetangentbundle I’M = E( M, R

m CL(rn,R), L( M)) is a vector

bundleassociatedto thebundleof framesL( M). In particular,a frame u E L( M)
inducesan isomorphism

it : —‘ T~(~)M.

Let X E T~L(M)and definethe 1-form 9 E AI(L(M),Rm) by

9~(X) = iI’(ir~(X)).

Then 9 is a tensorial 1-form on L(M) of type (r,Rm) where r is thedefining
representationof CL(m,R) . In thephysicsliteraturetheform 9 is frequentlycalled

the soldering form. If wechooseabasisfor theLie algebragt(m,R) anda basisfor
R~,thenwecanexpresstheconnection1-form w as m2 I-forms and the form

9 as m 1-forms 9k’ 1 < k � m. Thesem2 + m forms areglobally definedon
L( M) and make L(M) into a parallelizablemanifold. In particularwe candefinea
Riemannianmetricon L( M) by

ds2 = + ~
1=1 j=I k=I

Usingthis Riemannianmetricwecanmake L( M) into a topologicalmetricspace.
Thismetric canbeusedto show that a manifold M which admitsa linearconnection
(in particular,a Lorentz connection)mustbe a topologicalmetric space.Thus in con-
sideringmanifoldsof interestin physicalapplicationsonemayrestrictto themanifolds
which aremetric spaces.Themetricon L(M) is calledthebundlemetricor b-metric

and is usedin definingthe socalled b-boundariesfor space-timemanifolds(for details

see[MA5], [SC1]).
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We observethat the linearconnectionsare distinguished from connectionsin other

principalbundlesby theexistenceof the solderingform. Thus in additiontothecurva-
ture2-form ~ = d”w,wehavethetorsion2-form 0 = d”O E A2(L(M),Rm). A

connectionw is called torsion-freeif the torsion2-form �3 = &‘9 = 0 . Among all
linearconnectionson a pseudo-Riemannianmanifold thereexistsa uniquetorsion-free

connection)~calledtheLevi-Civita connection. The Levi-Civita connectionis also
referredto as the symmetricconnection.The curvature2-form F~of theLevi-Civita
connection) is denotedby R andiscalledtheRiemanncurvatureof M. Let ussup-

posethat M is anorientedRiemannianmanifold.Theidentificationof theLie algebra

so(m) with 2(Rtm) allowsusto identify ad L(M) with 2(M) . Thus for each
x E M, R definesa symmetric,lineartransformationof A~(M) . The dimension4
is furtherdistinguishedby the fact that so(4) = so(3) ~ so(3) andthat this decom-

position correspondsto the decomposition 2 ( M) = A.~( M) ~ A~( M) into ±1
eigen-spacesof the Hedgestaroperator.The RiemanncurvatureR also decomposes

into SO(4)-invariant componentsinducedby theabovedirectsum decompositionof
2(M) . Thesecomponentsare theself-dual(anti-self-dual)Weyl tensorW~(W),

thetrace-freepartof theRicci tensorK , andthescalarcurvatureS. Thesecomponents

canbeusedto defineseveralimportantclassesof 4-manifolds.Thus M is calleda self-

dual (anti-self-dual)manifold if W = 0 (W4 = 0 ). It is calledconformallyflat if
it is bothself-dualand anti-self-dualor if thefull Weyl tensorW is zero. M is called
anEinsteinmanifold if thetrace-freepartof theRicci tensorK = 0 . Einsteinmani-
folds correspondto aclassof gravitational instantons[MA8]. Einsteinmanifoldswere

characterizedin [S17]by the commutationcondition [R, *1 = 0 , wheretheRiemann
curvatureR and theHodgestar operator* are bothregardedas linear tranformations

of A2(M). This conditionwas generalizedin [MA6], [MA7] to obtain anewformu-
lation of thegravitationalfield equations.Forfurther detailson Riemanniangeometry

in dimension4 see[bBE2I. Forthe study of Riemannianmanifoldsand manifoldsof
differentiablemappingsseeJ. Cheeger,D. Ebin [bCHI], P.W. Michor[bMIl].

3.2. Connectionson associatedbundlesandcovariantderivatives

Let P(M,C) beaprincipalbundleand E(M, F, r, P) betheassociatedfiberbun-
dleover M with fibertype F andaction r. A connectionF in P allowsusto define
thenotionofahorizontalvectorfield on E.Let wEE and (u,a) E O~(w),where
C) P x F —~ E is thecanonicalorbit projection. Define

fa : P —+ Ebyu i—+ O(u,a),

where O(u,a) istheorbitof (u,a) in E. Nowdefine H~=HEC TE by

H,~,:=
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where H~Pis the horizontalsubspaceof TSP. It canbe shownthat HE is inde-

pendentof the choiceof (u,a) E O~’(w) and is thus well defined. A vectorfield
XE X(E) is calledhorizontal if X,,, E H,,,, Vw E E. A smoothcurve c in E (i.e.
c: I —. E is a smoothfunctionfrom someopeninterval I C R) is calledhorizontal

if ê(t) E H~t),Vt El. A sectionsE F(E) is calledparallel if

s~(T~M)C H.,~, Vi E M.

Givena curve x : [0, 1] -~ M and w0 E E suchthatitE(WO) = z(O) ,thereis

auniquehorizontalliftw: [0, 1] —, E ofthecurve z suchthat

itE(w(t)) = z(t),Vt E [0, 1],

i.e. thecurve w in E is horizontaland itE(w(t)) = x(t) . Giventhecurve x ,joining

z~and z, , the horizontallift inducesa diffeomorphismof it~(x0) and it~’(x1)
calledparallel translation or parallel displacement of fibersof B. In particularif E
isa vectorbundle(i.e. thefibertype F is avectorspace),thenparalleldisplacementis

anisomorphismand we may definethe covariantderivative a of a section a at
x(t) along the vector ±(t) by the formula

V~(t)s= urn 4{c~+h(s(x(t+ h))) —s(x(t))],

where

Ctt+h : 7r~’(x(t)) —“ ir~
1(z(t+h))

isparalleldisplacementalongz from z(t) to z(t+ h) . If X E X(M) and z isthe
integralcurveof X through z

0 , sothat X1(t) = ~z(t) , then the above definitionmay

beusedto definethecovariantderivative V~s.TheoperatorV~: F(E) —~ f’(E)
satisfies the following relations, VX, Y E X( M) , Vf E F( M) , and V, t, a E F( E)

(a) = V~s+Vt-s,

(b) V~(s+t) = V~s+V~t,

(c) V11s = fV~s,

(d) V~( fs) = fV~ a + (Xf)s.

We note that the covariantderivativemay be definedin termsof theLie derivative
asfollows. We recall first (seesection2.2)that thereis aone-to-onecorrespondencebe-
tweenC-equivariantfunctionsfrom P to F and sectionsin F( E) , which is defined
asfollows. Let a E F(E) ; thenwedefine

f., : P —~ Fbyu ~—‘
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where it( u) = r and it: F —~ E~is the isomorphismdefinedby u E P. Conversely

givena C-equivariantmap f from P to F defines~E F(E) by

=

whereU E ir1(z) . This is well definedbecauseof equivariance.Thecovariantderiva-
tive V~.9 correspondsto L~( f

3) where f8 is definedaboveand X is thehorizontal

liftofX toP.
The covariantderivativedefinesa map V from F(E) to F(T(M) ® E) as

follows. Va: M _*T*(M)®E isamapsuchthat

Vs(x) . X~= (V~s)(x).

Wehave

V(fa) = df® .s+ fVs, Vf E F(M).

Recallthat a section .9 E F(T*(M) ® E) may be regardedas defining, for each

x E M ,amaps(i) : T~M— E~.To indicatethedependenceof V ontheconnection
1-form w , it is customaryto denoteit by ct” , iii agreementwith thenotationusedfor

vectorvaluedforms. Weextendthe operatord’~to A P( M, E) as follows

,~, . .. ,X~))+

+ ~(—1)’~~at([X~,X1],X0,. ,X~,. ,X5,.

i<)

where the hat sign <<~>> on a vector field denotes deletion of that vector field. The

operator d” satisfiesthefollowing relation.

d”(/3Aat) = (d~~3)Aat+ (~1)&9(~A(d(~)a),

atE A*(M,E)~8E A~(M,R).

In fact, this relationcanbeusedto definetheoperatord”. It is customaryto write

for the aboveoperatorif we want to emphasizeits action on p-forms, otherwise
wewrite d’~t o denoteanyoneof theseoperators.Thusour earlierdefinition of d’~
A°( M,E) —~ A

1 ( M, E) , combinedwith the abovedefinition,givesusthefollowing

sequence

0 ~A0(M,E) ~A1(M,E) ~A2(M,E) s...

which is calledthegeneralizeddeRhamsequence.We will commenton this in section

4.2. Wewill find theseconceptsuseful in thestudyof gaugefields and their associated
fields.
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3.3. Generalized connections

The various definitions of connection in principal and associatedbundles given in

sections 3.1, 3.2 above are adequate for most of theapplicationsdiscussedin this paper.
However,it is possibleto definethe notionof connectionon an arbitrary fiberbundle.
We call this a generalizedconnectionand use it to give an alternativeformulationof

someaspectsof gaugetheories. There is extensivework in this area. We cite only
a few referencesas examples:[GA2], [GA3I, [MAlI, [MA2], [MA3J, [MO1], [FEll.
Let E be a fiberbundle over B with projection p : E —~ B. Let VE denotethe

verticalvectorbundleover E. VE isa subbundleof thetangentbundleTE , the fiber

V..LE, U E E being the tangent space to the fiber E1,~~)of E passing through u. Let

p*( TB) bethepull backof the tangentbundleof B to E. Then we have the following
shortexactsequenceof vectorbundlesandmorphismsoverB:

i a *

0—*VE--~TE—~,r(TB)—~0

where i is the injection of theverticalbundleinto thetangentbundle,and a is defined

by (e,X~) ~—‘ (e,p,(Xe)) . Wedefine a generalized connection on E tobeaspliuing
of theaboveexactsequence,i.e. a vector bundle morphism c: if(TB) —~ TE such
that a 0 C = id~,.(TB)Let b E B and let e E p’(b). Then the splitting c induces

an injection ae : Tb(B) —, Te( E), X i.-~c(e,X). Wecall ~e( X) thehorizontallift
of the tangentvector X to e E E. Wecall ~e( Tb(B)) the horizontalspaceat e E B
and denoteit by HeE. ThespacesH~Eare thefibers of thehorizontalbundle HE
and wehavethe decomposition

TE= HE~VE.

We notethat this decompositioncorrespondsto thecondition(i) of Definition 3.1. Al-
ternatively,aconnectionmaybedefinedasa sectionof the first jet bundle .1

1(E) over

E. Thedefinitionsof covariantderivative,covariantdifferential and curvaturecanbe
formulatedin this generalcontext. An introductionto this approachand its physical

applicationsisgivenin [MA2], [MA3], [MO1].
If E = P( M, C) , thenwecanrecovertheusualdefinitionofconnectionasfollows.

The action of C on P extendsto all the vectorbundlesin theexactsequence(3.9) to
givethefollowing shortexactsequenceof vectorbundlesover M:

0 _VP/C~~+TP/C~~+it*(TM)/C_0

Wecan rewrite the above sequence as follows:

(3.10) 0—~ad(P)-~+TP/C-~+TM--~O
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A connectionon P is thendefinedas a splittingof theshortexactsequence(3.10).
This splitting inducesa splittingof the sequence(3.9) andwerecoverDefinition 3.1 of
theconnectiongivenearlier. Thisapproachhelpsto clarify theroleof thestructuregroup

in theusualdefinitionof connectionin aprincipalbundle.

4. HOMOTOPY ANDCOHOMOLOGYOFA MANIFOLD

4.1. Homotopyandclassifyingspaces

Let X be aFlausdoriftopologicalspace.A pathin X from x E X to y E X is a

continuous map c~: I = [0, I] —÷X , suchthat a(0) = x, at( I) = p. We saythat X
ispathconnectedif thereexistsa path from z to p for any z,p E X. X is locally

path connectedif its topology is generatedby pathconnectedopensets.From now on

weassumeall topological spaces to be path connectedandlocally pathconnected.
Let a, b E X be two fixed points. Let ~,,b bethesetof pathsin X from a to b.

For at � ~a,b’ we definetheopposite path ~ E ~ by ~(t) = at(1 — i) Vt El.
Let a,/3 E POE; wesay that a is homotopic to /3 (written as a /3) if thereexists

a Continuousfunction H : I x I .—* X suchthat the following conditionshold:

H(t,O) = a(t), H(t,1) = /3(t), Vt El,

H(0,s) = a, H(I,s) = b, Vs El.

H is calleda homotopybetweena and /3. Wemay think of H as a family of
pathsfrom a to b parametrizedby a , whichdeformsthepath a continuouslyinto the

path /3. It canbe shown that the relationof homotopybetweenpathsis anequivalence
relation. We denotethe equivalenceclassof a by [a] . The set of all equivalence

classesof pathsin P~1is denotedby Eab. If a E ~‘a,a then wecall a a loop at a.

If at, /3 ~ P~, thenwedenoteby at * /3 ~ P~ the loopdefinedby

Ia(2t), 0<t<l/2a*/3(t)=~/3(2t_l) l/2<t<l.

The operation * inducesan operationon E00 which we denoteby juxtaposition.

ThisoperationmakesEaa intoa groupwith identity theclass [Ca] of theconstantloop

at a, the class [~] being the inverseof [a] . This group is calledthe fundamental
group or the first homotopygroupof X at a and is denotedby ir1(X, a). If X

is pathconnectedthen R1(X,a) ~‘ ir1(X, b),Va, b � X. In view of this result we

sometimeswrite ir1(X) for the fundamentalgroup of a spaCe X . We say that X is
simplyconnectedif ir~(X) is thetrivial groupconsistingof only the identity element.
The fundamental group is an important invariant of a topological space, i.e. X ~‘ Y =~.

ir1(X) ~?‘ ir1(Y) . A surprisingapplicationof the non-triviality of thefundamental
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group is found in the Bohm-Aharanov effect in abelian gauge theories,which we will

discuss in section 6.1.
Let f: (X, x) —* (Y,y) beamapof pointed spaces, i.e. f: X —* Y is continuous

and f( z) = y. Homotopy of maps of pointed spaces is defined similarly. The map f
inducesa homomorphism

7r1(f) :ir1(X,x) —~‘ir1(Y,y),

defined by [a] ~-.[f o at]. If f g then ir1(f) = n1(g) . Wesay that X is

contractible if id~ c~, theconstantmap. Wenote that a contractible space is simply

connected.(X, z) is said to behorn otopically equivalent to orof thesamehomotopy
typeas (Y,y) ifthereexistmaps f : (X,x) —* (Y,y) and g : (Y,y) —‘ (X,z)
such that

fog~—.’id~, gof~idx.

The relation of homotopic equivalence is, in general, weaker than homeomorphism.

One of the outstanding conjectures due to Poincaré is the following.

POINCARECONJECTURE.Every~closed(i.e. compactand without boundaiy)simply

connected3-manifoldis homeomorphicto 53~

This conjectureis as yet unsettled.With 3 replacedby n> 3 the aboveconjecture

isnottrueaswewill seebelow.However,wehavethefollowing:

GENERALIZED POINCARECONJECTURE.Everyclosedn-manifoldhomotopicallye-
quivalent to the n-sphere S’~ is horn eomorphicto S~.

Thisgeneralized conjecture wasproved to betrue for n> 4 by Smale in 1960. The
casen= 4 wassettled in the affirmative by Freedman [FRI] in 1980.

Let p : E —‘ B be a continuoussurjection. We say that the pair (E,p) is a

covering of B if each x E B has a path-connectedneighbourhoodU such that each
pathwise connected component of p (U) is homeomorphicto U. In particular p is

a localhomeomorphism.E is calledthe covering space, B the basespaceand p the
coveringprojection. It can be shownthat thecardinalityof thefibers p~(I), x E B is

the same for all z. If this cardinality is a natural number n, then we say that (E, p) is
an n-fold coveringof B.

EXAMPLE 4.1.
(1)Let q~: U( 1) —. U( 1) bethemapdefinedby

q~(z)
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wherez � U( 1) = {z E ~ I z = I }. Thus (U( I), q~)is a n-fold coveringof

U(l).
(2)Letp: R—~U(l) bethemapdefinedby

p( 0 = ezp( 2 7rit).

In this casethefiberp’ (I) is Z
(3) Let ir: S’~—* RIP bethenaturalprojection

x p—’ [x].

Thisisa 2-fold covering.Forn= 3,S3 ~SU(2) and RIP3 ~SO(3). Thisis

wellknowninphysicsasassociatingtwo spinmatricesin SU(2) to thesameangular

momentummatrix in SO(3).

A coveringspace (U, q) with U simply connectedis calleda universalcovering

spaceof the basespaceB. If (E,p) is a coveringof B and (U, q) is a universal

coveringof B then thereexistsa uniquecontinuoussuijection f : U —# E suchthat
(U, f) is a covering of E and the following diagram commutes

ULE

B

From this it follows that, if (U
1, q1), (U2, q2) aretwo universalcoveringspacesof

B , thenthereexistsa unique isomorphism f of U1 onto U2 such that the following
diagramcommutes

u,

B

Let (U, q) be a universalcoveringof B. A coveringor decktransformation f is
an automorphism of U suchthatthe following diagram commutes

uLu

/q

B

It canbe shown that the set C( U, q) of coveringtransformationsis a subgroupof

Aut(U) and it is isomorphic to ir1 (B) . If X,Y aretopologicalspaces,then ~ (X x
Y) ~ ir1 (X) x ir1(Y) . In particular,if X and Y aresimply connected,then X x Y
is simply connected.
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EXAMPLE 4.2. The covering(U( 1), q~)ofExample4.l(1)~aboveisnota universal

coveringwhilethecoverings(R, p) ofExample4.1(2)and (SU(2), 7r) ofExample
4.1(3)are universalcoverings.From thisit iseasyto deducethefollowing

ir1(RP
1) ~ir

1(S’) ~‘ir1(U(l)) ~‘Z,

7r1(T~)~ z’~

where

T~= S
1x ...x S’

n times

isthereal n torus,

~‘ id, ir
1(R~) ~ id, n� 1

r1(RF’~)~Z2,n>l.

If B is amanifold thenthereexistsa universalcovering (U, q) of B such that U
is also a manifold and q is smooth. If C is a Lie groupthen thereexistsa universal
covering (U,p) of C such that U is a simply connectedLie group and p is a local
isomorphism of Lie groups. In particular C and all itscovering spaces are locally iso-
morphicLie groupsand hencehavethe sameLie algebra.This fact hasthefollowing

applicationin representationtheory. Given a representationr of a Lie algebra L on

V. there exists a uniquesimply connectedLie group U with Lie algebra u ‘~‘ L and
a representationp of U on V such that its inducedrepresentation~ of u on V is
equivalentto r. If C is aLie group with Lie algebrag ~‘ L, then wegeta represen-
tationof g on V only if therepresentationp of U is equivanantundertheactionof

ir1(C) . Thusfrom a representationr of theangularmomentumalgebraso(3) weget
a uniquerepresentationof thegroup Spin(3) ~‘ SU(2) (spin representation).How-

ever, r gives a representationof SO(3) (an angularmomentumrepresentation)only
for evenparity, r in this case,being invariantundertheaction of ir1(SO(3)) ~ Z2.
A similar situationarisesfor thecaseof the Lorentzgroup SO(3,1) and its universal

coveringgroup SL(2,Cr).

There are severalpossiblewaystogeneralizethedefinitionof ~r1to obtainthehigher

homotopygroups.We list threeimportantapproaches.
(1). Let

.r={t=(tI,...,t~)ERnIo<t~<l, I<i<n}.

Define the boundaryof I’~by

= {t � R’~ t1= 0 ort1= 1 forsomei, I <i~ n}.
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Define

= { a: P —~ X I a(ÔP) = 2:0 }.

We saythat a /3 if thereexistsa homotopyH : P x I —p X suchthat

H(t,0) = a, H(t, I) = /3

H(t,s)— 2:~, Vt�aI”, s�I.

For a,8 E F~(X,2:0)we define a*/3 E F~(X,x0)by applying ourprevious

definition for pathsto the first coordinate t1 i.e.

a*/
3(t) = fa(2ti,t

2,...,t~) 0 <t1 <1/2
— 1,t2,.. . ,tn) 1/2 <t1 <1

Homotopyis an equivalencerelationon F~(X,X~) andwe denotethe setof equiv-

alenceclassesby E~(X,2:0) . It canbe shown that E~(X,X~) with the operation
inducedby * is a group. It is calledthe n—th homotopygroupof X at x~ andis

denotedby 7t~(X,X0).
(2). The seconddefinition is obtainedby identifying theboundary 3P to a fixed

point say e1 = (1,0,... , 0) � s~.The quotientspace P/8P ~‘ S~.Hencewemay
considera : (S”~,e1) —* (X, xü) , with thedefinitionof homotopyH betweena and
/3 givenby H: S’~x I—~Xsuchthat

H(x,0)=a, H(x,l)=~3, V2:�S~

H(e1,s)= 2:0, Vs �1.

The group ir~(X,x~)isthendefinedby an obviousmodificationof definition (I).
(3). This definition considersthe loops on the spaceof loops. Loop spaceshave

recentlyarisenin many physical calculations. We thereforegive an indication of the

constructionof ir2(X,i0) . Let Q(X,2:0) bethe set of all continuousloopsin X

at 2:~. Let c~� ~(X,2:0) bethe constantloop at 2:0. Wedefine ~r2(X,x0) =

Fora detaileddiscussionof thesethreedefinitionsandtheir applicationssee,for ex-

ample,F. Croom[bCR1].
Wecoilecttogethersomepropertiesof thegroups T,~.

(i) ir~(X,2:0) = ir~(X, zr), V10 , z1 E X. In view of this we will write ir~(X)
insteadof ir~(X,x0)

(ii) If X is contractibleby a homotopyleaving 2:0 fixed then 7r~(X)= id.

(iii) ir~(Xx Y) = ir~(X)x ir~(Y)
(iv) iç,(X) isabelianforn> I.
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(v) If (E,p) is a covering space of X , then p induces an isomorphism p,,

ir~(E)—~ ir~(X) for n) 1.
(vi) (Freudenthal) There exists a homomorphism E : irk(S’~) —‘ lrk+I(S),

calledthe suspension homomorphism, with the following properties:

(a) E is surjectivefor k =
2n—I

(b) B is anisomorphismfor k < 2n— 1.

EXAMPLE 4.3. (1) ir~(Rm)~‘ id.

(2) ~‘rk(S°)~ id, k < n.

(3) ir~(S~)= Z.
From (2) and (3) it follows that ir

2(S
4) ~ id and

x 52) = 112(5) x 712(52) = Z x Z.
Also ir

1(5
4) ~ id and 11(52 x 52) = 11

1(S

2) x ir~(S2)= id. Thus S4 and

x g2 are both closedsimply connectedmanifoldswhich are not horneomorphic.

This illustratesthe role thathigherhornotopygroupsplay in thegeneralizedPoincaré

conjecture.
(4)7r

3(C)~ZwhereCisanyoneofthegroupsSO(n),O(n),SU(n),U(n).
An elementa E 113( C) is oftenreferredto asthe topologicalquantumnumberorthe
instantonnumber,sinceit is usedto classifyC-instantonson S

4. Thisexamplewill

bediscussedindetailin sections6.2and6.3.
(5)(Hopffibering)Animportantexampleofcomputationofhigherhornotopygroups

wasgivenbyH. Hop!in 1931 in hiscomputationof 113 (52)~ Considerthefollowing

action h: U( 1) x Cr2 —* Cr2 of U( 1) on Cr2 defined by

(z,(z
1,z2))~—~(zz1,zz2).

Thisactionleavestheunitsphere53 C Ct
2 invariant andhenceinducesan actionon

S3 with fibersisomorphicto S’ and quotient Cr P1 ~‘ S~thusmakingg3 a principal
fiber bundleover S2

Wealso denoteby h : ~3 ~ S~the naturalprojection. The aboveconstruction

is calledthe Hop!fibration of S3. Hop!showedthat [hi E ir
3(S

2) is non-trivial
i.e. [hi ~‘ id and generates113(52) as an infinite cyclicgroupi.e. 3T

3(5
2) ~‘ Z

Thisclass [hi , alsoknownasthe Hopfinvariant, correspondsto theDirac monopole

quantizationcondition(seesection5.1 for thedetails). TheHopffibration of ~3 can
be extendedto the unit sphere g2fl1 C Cr ~. The quotientspacein this caseis the

complexprojectivespace Cr P . This fibration arisesin thegeometricquantization
oftheisotropicharmonicoscillator.

OnecansimilarlyconsiderthequaternionicHop!fibration asfollows. Observethat

SU(2)~{x=z
0+z1i+x2j+x3k�H I IxI=1}.
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SU(2) actson II ‘~ on theright byquatemionicmultiplication. Thisaction leaves
theunitsphere~4~ C H ‘~ invariantandinducesa fibration ofg

4 1 overthequater-
nionicprojectivespaceHP n-i For the casen = 2 , UP1 ~‘ S4 andtheHop!fibra-

Lion gives57 asa non-trivialprincipal SU(2) bundleover54~Thisbundleplaysa
fundamentalrole in our discussionoftheBPSTinstanton.

Bottperiodicity

ThehigherhomotopygroupsoftheclassicalgroupswerecalculatedbyR. Bott in the

courseof provinghis well known periodicitytheorem.Severalof thegroupsappearing
in this theoremhavebeenusedin physicaltheories.Wegive belowatableof the higher
homotopygroupsof U( n),50(n) and SP(n) andindicatethe stablerangeinwhich

the periodicity appears.

Stable homotopy of the classical groups

U(n),2n> k S0(n),n> k+ 1 SP(n),4n> k—2

111 Z Z
2 0

112 0 0 0

713 Z Z

114 0 0 Z2

ir5 Z 0

0 0 0

117 Z Z Z

118 0 Z2 0

period 2 8 8

Some homotopygroupsoutsidethe stable rangealso arisein gaugetheories. For
example, 113(50(4)) Z ~ Z is closely related to the self-dual and the anti-self-
dual solutions of the Yang-Mills equationson S

4. ir
7(SO(8)) = Z ~ Z arisesin

thesolutionof theYang-Mills equationson . This solution andsimilar solutionson
higherdimensionalspheressatisfycertaingeneralizeddualityconditions(see[MA9] for

details.)

Classifyingspaces

Let C be a Lie group. The classificationof principal C-bundlesovera manifold

M is achievedby theuseof classifyingspaces.A topologicalspace Bk(G) is said to
be k-classifyingfor C if thefollowing conditionshold:
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(i) thereexistsa contractiblespace Ek(C) on which C actsfreely and Bk(C)

isthequotientof Ek(C) under this C-action such that

Ek(C) -~ Bk(C)

is a principalfiber bundle;
(ii) givena manifold M of dimension< k and a principal bundle P(M, C),

there exists a continuous map f: M —~ Bk(C) such that the pull-back f*(Ek(C))
to M is bundle-isomorphic to P.
It canbe shown that homotopic maps give riseto equivalent bundles andthat all principal

C-bundles over M arisein this way. Let [M, Bk(C)] denotethesetof equivalence
classesunderhomotopy,of mapsfrom M to Bk(C). Then the classifying property
may be stated as follows.

CLASSIFYING PROPERTY. Thereexistsa one-to-onecorrespondencebetweenthe set

M, Bk(C) I andthesetofisomorphismclassesofprincipal C-bundlesoverM.

The spacesEk(C) and Bk(C) maybe taken to bemanifoldsfor a fixed k. How-
ever classifyingspacescanbe constructedfor arbitrary finite dimensionalmanifolds.

They aredenotedby E(C) and B( C) andare in generalinfinite dimensional.The
spacesE( C) and B( C) arecalleduniversalclassifyingspacesforprincipal C-bun-
dles.

EXAMPLE 4.4. TheHopffibration g2n+I —p (tP~isapnncipal U(I)-bundle andis

n-classifying.By forminga towerofthesefibrationsbyinclusion,i.e. by considering

c C s7 c
CP1CCtP2CCrP3C...,

we obtain thespacesS~and CrP~suchthat S°°is a principal U( 1) -fibration of

CrP°°.Thus B(U(l)) = CrP°°and E(U(1)) = S°°. Thisclassificationisclosely

relatedto theDirac monopolequantizationcondition(seeExample5.1).

EXAMPLE 4.5. The quatemionicHopf fibration S4~3 —~ HP is a principal

SU(2) -bundle andis n-dassi!ying.Byconsideringthetowers

c 5” c ~15 c
UP’ C HP~C 11-IF3 C

we obtain theuniversalclassifyingspacesB(SU(2)) = FIP~ and E(SU(2)) =

S°°.Thisexampleiscloselyrelatedtotheclassificationofinstantons(seesection6 .3).
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4.2. Differential complexesand cohomology

A differential complex is a finite sequence of vector spaces V~,—1 < i < n+ 1

and linear transformations L~E Hom(V~, Vi), 0 <i < n+ 1 such that

(4.1) L~~1oL1=0, 0<i<n.

It is customaryto set V1 = V,~9.1 = {0} and L0 = = 0 and to write the

complex as follows

L0 L1 L L10—+V0-4V1--4...--*V~,-4V~Z0.

Wewrite

V=~j~V~

and

n+ 1

L =

anddenotethe abovedifferential complex by thepair (V,L). Weobserve that the

generalized deRham sequence(seesection3.3) is an example of a sequencewhich fails
to be a complex, the obstruction being given by the curvature.

Given a differential complex (V,L) we define a cocycleoforderi as an element
E kerL~ and we define a coboundaryoforderi as an element /3 � ImL~. We

denote by Z’ (resp. B’) theset of all cocycles(resp. coboundaries)of order i. In
view of the condition (4 .1), B

2 is a subspaceof Z~.The quotient space Z2/B’ is

denoted by Hi and is called the i-th cohomology space of the complex (V, I,). We

write

H*(V,L) =

andcall H~(V, L) thetotal cohomologyspaceof (V,L). The operators L, are fre-
quently referredto ascoboundaryoperators.

In differentialgeometryweareinterestedin thesituationwherethevectorspacesarc

spacesof smoothsectionsof vectorbundlesandthecoboundaryoperatorsarethe linear
differential or pseudo-differentialoperatorson sections. In whatfollows we consider
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complexvectorbundles;thecorrespondingtheoryfor realvectorbundlescanbedevel-
opedalongsimilarlines. Let B (resp. F ) beacomplexvectorbundleofrank n (resp.

1) overa differentialmanifold M. Let

L : T(E) -+ F(F)

be a C-linear operatorfrom the sectionsof E to the sectionsof F. L is calleda
(linear) differentialoperatoroforder k from E to F if locally L canbeexpressedas

follows

L(s) = ~a’ô1(s), sEl2(E)
I1I�k

where

I = (j~‘‘~2’’” , ~) is a multi-index, I < r < m , m = dimM
III = 21 + + + ç is called the length of I,

= ~ ‘ox,’ in thecoordinateneighborhoodU in consideration,
a

1 is a functionon U suchthat a1(x) � L(E
2,F~),Vx � U.

Alternativelywe canexpressthis definitionby saying that L factors throughthek-jet
extensionJ~(E) of E, i.e. thereexistsavectorbundlemorphism f : J~~(E) —~ F

suchthat L = f~01k where f~: IT(Jk(E)) —‘ F’(F) is themap induced by f or
thatthefollowing diagramcommutes

F( B)

F(Jk(E)) —~ F(F)

In fact, this formulationcaneasilybe extended to define a non-linear differential op-

eratorof order k betweensectionsof arbitrary fiberbundles.Wedenoteby Dk(B, F)
theset of all lineardifferential operatorsof order k from E to F. In order to study

the propertiesof differential operators,wenow definethe k-symbol of an operator

L � Dk(E,F) .Let

T0*M = T*M \ { the imageof thezero section}

and let Po : T~M—+ M be therestrictionof thecanonicalprojection p: T~M—~ M

to T~M. Let p~E be thepull-backof thebundle E to the spaceT~M so that

p~E—+E

I lirE
T~M ‘ M

Po
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Wedefinethe k-symbolof L, 0k(L) � Hom(p~E,p~F)by

o~k(L)(r~X,e)= L(t)(x)

where (c~~,e)� p~Eand t � F(B) is definedasfollows. Wecanchooses� F(E)

and f � .2’(M) suchthat s(z) e and df(x) = o~; then

t

It canbeshownthat L(t)(x) depends only on a~and e and is independentof the

variouslocal choicesmade.Thesetof k-symbols is theset Smblk(E,F) definedby

Smblk(E,F) := {cr � Hom(p~E,p~F)Ia(cc~~,e)= c’~cr(a~,e),

c > 0,c~� T~M}.

Given L � Dk(E,F) thereexiststhe formal adjoint L8 of L suchthat L �
Dk(F,E) .Wehave

= (o~(L)Y.

Wesay that L � Dk(E,F) is elliptic if ak(L) is an isomorphism.In particular
ran/cE= ran/cF. Sobolevspacesplay a fundamentalrole in thestudyof differential

operators and in particular, in the study of operators arising in gauge theories. For an
introduction to the theory of Sobolev spaces,seefor example,R. Adams[bAD1].

THEOREM 4.1. Let L � Dk(E, F) be an elliptic operatorand L its formaladjoint.
Then

(i) L* iselliptic
(ii) L is Fredhoim (i.e. kerL and cokerL are finite dimensional)on a suitable

(Hilbert) SobolevspaceH
8 C F( E).

For an elliptic operator L � Dk(E,F) wedefinethe index, Ind(L) of L , by

Ind(L) = dim kerL — dim cokerL = dim kerL — dim kerL.

Let (V,L) be a differential complex where V~= F ( E,) , E, is avectorbundleof
rank n, over M and L~is alineardifferentialoperatorfrom E~1to E,. (V,L) is

saidto beelliptic if theassociatedsymbolsequence

~ ci(L2) a(L,~)~
O—+p0(E0) —~ p0(E,) —+ -4 p0(E~)—i0
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is exact.Giventheelliptic complex (B, L) we define the j-th Laplacianoperator ~,

of the complex by

A, = L,*+1L,+1 + LJLJ* : F(E,) —‘ F(E,), 0 <j <

The operator A, is a self-adjoint(i.e. A, = t~”) elliptic operator,Vj. We de-
noteby Z

8(B, L) ,B8( B, L) , H8(E, L) respectivelythecocycles,coboundaries,co-
homologyspacesof order q of thecomplex (B, L). Thehomogeneoussolutionsof

A,(a) = 0 are calledthe harmonicsections. The spaceof all harmonicsectionsis
a finite-dimensional subspace of F ( E~)which is isomorphic to the j-th cohomology

space H’( B, L) . This statement is in fact the content of the Hodge theory when (E,L)
is thedeRhamcomplexof M. The indexof the elliptic complexis definedby

Irsd(E,L) >(_l)IcdimHk(E,L).

It turns out that this analytic index canbe expressed in termof topological invari ants

(characteristicclasses)associatedto the complex (E,L) . This is the content of the
classicalAtiyah-Singerindex theorem.

The deRhamcohomologyof a manifold M is definedas follows. Let Tj M =

T8M ® (t bethecomplexifiedcotangentbundle.Wedenoteby A~( M) thespaceof

sectionsA’(T~M). A~(M) is the spaceof ~-va1ueddifferentialforms on M of
degreei. Theexteriordifferentialoperatord extendsto A~( M) = ~ A~( M) and
is also denotedby d. The deRhamcomplexis thefollowing

_~ 0 0 d ~ d ,~ 0
O=A~r A ~ 0.

d is adifferentialoperatorof order 1 andits symbolis given by

cr
1(d)(cr~,/3) ic~Afl, /3�A~(M),Vj.

It is easy to verify that d o d = 0 and that the symbol sequence is exact. Thus the
deRhamcomplex (A~, d) is anelliptic complex.TheLaplacian

Ak_doC5+~od.A~(M) ~A~(M)
is called theHodge Laplacian on k-forms, where S is the codifferentialoperator. If

M is a Riemannian manifold then A0 , the Hedge Laplacian on functions (0-forms),
coincideswith the classicalLaplace-Beltramioperator. The solutionsof Aka = 0

o~� A~( M) , were called by Hedge ha.nnonick-forms. The Hodgedecomposition
theoremfor closedk-forms canbeexpressedby thefollowing formula

d/3 + + 9
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where c~is a closedk-form, /3 � A~1, ‘y � A~ , 8 is a harmonic k-form. For

c~ in a given cohomology class, the harmonic form 8 is uniquelydetermined.Thus we

have an isomorphismof the k-th cohomologyspace H~cwith the space of harmonic
k-forms. The k-th Bettinumberbk is definedby bk = dimHk . Thus the index of the

deRhamcomplex (A , d) canbewritten as

Ind(A,d) =

It is well known that thenumberon the right-handside is the Eulercharacteristic

x( M) . Thus we have a topological characterization of the analytic index Ind(A, d)
Thismay beregardedasa veryspecialcaseof the index theorem.

EXAMPLE 4.6. A singleelliptic operatormaybeconsideredasan elliptic complex.We
givetheexampleof theHirzebruchsignatureoperator D9 and statethe relationofits

indexto theHirzebruchsignatureof M. Let M bea compact,orientedRiemannian
manifoldofdimension4n. Wedefinetheinvolutionoperator) : A k ~ A 4n~~cby

c~~ j(c~)= ik(k_1)÷2n * ~ = ~ * c~.

Theoperatorj extendsto A andsatisfies~2 = 1 . Wedenoteby A~(resp. A_)

theeigenspaceof j for theeigenvalue+1 (resp. —1). DefineD~= d + &~IA.Then

D~: A~—+ A

isanellipticoperatorcalledtheHirzebruchsignatureoperator. WenowdefinetheHirzc-

bruchsignatureSign(M) ofM. Considerthebilinearoperator

h: H2” x H2” —9 R

definedby

(a,/3)~ f(~A/3).
JM

In theaboveformula wehaveusedthesameletter to denotethecohomologyclass

and a 2 n-form representingthat class. It can beshownthat h is a symmetricnon-
degenerateform. Let (e9,e~)bethesignatureofthebilinearform h. ThentheHirze-
bruchsignatureisdefinedby

Sign(M) = e — e~.
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The Hirzebruch signaturetheorem showsthat the indexofthe signatureoperator

equals the Hirzebruch signatureof M i.e.

Ind(D~)= Sign(M).

TheHirzebruchsignaturetheoremisa specialcaseoftheAtiyah-Singerindextheo-

rem. A briefdiscussionoftheindextheoremisgivenattheendofthis chapter.

If M is 4-dimensional,then thebilinearform h definedin the aboveexamplein-
ducesa bilinearform

h : H2(M,Z) x H2(M,Z) —~ Z

This symmetric,non-degenerateform is calledthe intersectionform of M. The
definition givenaboveworksonly for smoothmanifolds,however,the intersectionform

is definedalso for topologicalmanifolds and plays a fundamentalrole in thestudyof

4-manifolds.A briefdiscussionof its significanceis given in section6.4.
The discussionof homotopyand cohomologygivenin sections4.1 and4.2forms a

smallpartof an areaof mathematicscalledAlgebraic Topology,wheretheseandother
relatedconceptsaredevelopedforgeneraltopologicalspaces.Two standardreferences

for this materialare W.S. Massey[bMA2], E.H. Spanier[bSPl]. A veryreadableintro-
duction is given in F.H. Croom[bCR1].

4.3. Characteristicclasses

Let P( M, C) beaprincipalbundleoveramanifold M withstructuregroup C. We
will defineasetofcohomologyclassesin H( M, R) (thecohomologyring of M with

realcoefficients)associatedtotheprinciplebundle,which characterizethebundleup to
bundleisomorphisms.Theyarecalledthecharacteristicclassesof P( M,C) . Thereare
several different ways of defining thesecharacteristicclasses(D. Husemoller[bHUl],
J.W. Milnor, J.D. Stasheff[bMI2]). We definethem by usingconnectionsin thebundle

P and the Weil homomorphismdefinedbelow.
Let p : G —~ CL(V) be a representation of C on the real vector space V.

Let S’~(V) denotethe set of k-linear symmetricfunctionson V and let S(V) =

~~
0Sk(V) be the symmetricalgebraof V. The group C actson Sk(V) by an

action induced by the representation p, which we also denote by p. Wedefine

Ik(V,p) :={fESk(V) Ip(a)(f)=f,VaEC}.

The space 1k( V,p) is calledthe spaceof C-invariant symmetricpolynomialsof
degreek on V , the actionof C by p beingunderstood.WedefinethespaceI( V, p)
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of all C-invariant symmetricpolynomialson V by

I(V,p) := ~Jk(vp)

ThespaceI( V p) becomesanalgebrawithmultiplication inducedby thesymmetric

product V on S(V) . In whatfollows we will take V to bethe Lie algebra g of the
Lie group C and p to betheadjointrepresentationad of C on g andwewill denote

Ik(V,p) by Ik(C) and I(V,p) by 1(C).
Let w bethecoimectionI-form ofaconnectiononP(M,C) and Q thecurvature

2-formof w - For f � Ik(C) ,we definethe 2k-form f~on P by

(2k)’ ~ sig~)f(u
3,... ,Uk),

~ES2~

where

Us = f~(X~(2i_l)Xa(2i)) � g, 1 < i < k

and S2k is the symmetricgroupof permutationson 2k numbers. Since the curvature

form ~ istensorialwithrespecttotheadjointactionofC on g and f is C-invariant,

the 2 k-form ~ on P descendsto a 2 k-form ~ on M, i.e. there exists a form
j~EA~(M) suchthat

=

where ~r is the canonical bundle projection of P on M. It canbeshownthat theform
f~is closedand hence defines acohomology class [f~~]� H

2~(M,R) - Furthermore,

this cohomologyclassturnsout to be independentof theparticularconnectionw on P.

i.e. if w
1,w2 aretwo connectionson P with respectivecurvatureforms ~ ~ then

[f~ = [f02 I � H~(M, IR) - In view of this result we candefinea map

Wk : Ik(C) H
2k(M,R) by Wk(f) := [fe].

Thefamily of maps {Wk} definesthemap

w: 1(C) —+ H8(M,R)

whichis calledthe Weilhornomoiphism.Wenote that w is an algebrahomomorphism
of the algebra1(G) into thecohomologyalgebraH8 ( M, R)
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The construction discussed above extends to the algebra I~( C) of thecomplexval-

ued C-invariant polynomialson g to give usthecomplexalgebrahomomorphism

w,1 :I~(G)—~H
8(M,(E).

This homomorphismis calledthe Chem-Weilhomomorphism.
An elementp � w(1(C)) C Ht( M, R) is calleda real characteristicclassof the

bundle P. Similarly, an elementc � w,r ( I~(C)) C H8(M, U) is calleda complex
characteristicclassof the bundle P.

Characteristicclassesaretopological invariantsof theprincipal bundle P andchar-
acterize P up to isomorphism.They canalsobe viewedas topological invariantsof
thevectorbundleassociatedto P by the fundamentalor definingrepresentationof the

structuregroup C. It is possibleto give an axiomatic formulation of characteristic
classesof vectorbundles directly (S. Kobayashi, K. Nomizu [bKO2I, J.W. Milnor, J.D.
Stasheff[bMI2D. In studyingthepropertiesof characteristicclasseswewill useeither

of theseformulationsas convenient.
Forthe Lie groupsthat are commonlyencounteredin physicalapplicationswe can

show that the algebraof characteristicclassesis finitely generatedand exhibit a basis

for thealgebra.Beforegivingseveralexamplesof this,wemakethefollowing remark,
which simplifies our work. Givena function pk(A) which is a homogeneous polyno-
mial of degree k in theentriesof thematrix A , wecandefineasymmetricpolynomial

p in k variablesby a processof polarization.Forexample,if P
2(A) is homogeneous

of degree2 , wecandefine a symmetric function p of 2 variablesby theformula

p(A15A2)

Similar formulas can be given for higherorderpolynomials.In view of this remark,

in the examplesdiscussedbelow,wegive only thehomogeneouspolynomialspk(A)
for theconstructionof the characteristicclasses.

EXAMPLE 4.7. C = CL(n,R) ; then 1(C) isgeneratedby Po ‘Pi’~~~, p,, wherethe

p1 ‘S arc definedby

det(XI~— ~—A) =

A � gi (n,R). The 4k-form correspondingto P2k determines the k-th Pontryagin
classof P. If L~is thecurvatureformofsomeconnectionw of p and i~I thecorre-
sponding2-form on M, then we can writea 4 k-formP2k( �1) representingthe k -th
Pontiyaginclassasfollows

P2k( ~) = (2~)2k (2 k)! ~ ~ A .-- A
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where I <i1 <~2 < ... <~<n, 1 <j~ <12 .( ... <J~<n andthe ‘sare

thecomponentsof ~l in gi (n,R).

EXAMPLE 4.8. C = 0( n, R). Thecharacteristicalgebraisgeneratedby ~0 P2, P4,’.-

definedasin Example4.7. Observethat for A � o(n, R) = ao(n, R) onehas

det(\1~— -~—-A)= det(~I,,+

2ir 2ir

ThereforePi = p3 = --- = 0 and P2k againcorrespondsto the k-th Pontrya-

gin class. In Example4.7, P2k+ ~ 0 in generalbut w(P2 k+i) = 0, sinceevery

GL(n, R) -connectionis reducibleto an 0( n, IR)-connection.

EXAMPLE 4.9. Withthe notationofExample4.8, we constructan S0(2 m)-invariant

polynomial,calledthePfaffian, whichisnotinvariantundertheactionof 0(2m). The

Pfafflan Pf(Q) isdefinedby

Pf(~) = 2
2m~mm!~sgn/a)O~~)~(

2) - -

The class w( Pf) is called the Euler classof P( M, S0(2 m)) , whichoccurs as
thegeneralizedcurvaturein theChem-Gauss-Bonncttheoremwhichstatesthat

I Pf(O)=x(M).
JM

This theoremgeneralizesthe classical Gauss-Bonnettheoremforcompactsurfaces
in R

3 - For sucha surfacethe Pf(O) is a multipleofthe volumeformon M. The

multiplier k is the Gaussiancurvatureand the abovetheoremreducesto

IM ~(M).

The expression for the Euler classofa 4-manifoldas an integral ofa polynomial

in theRiemanncurvaturewas obtainedby Lanczos[LA2] buthedidnotrecognizeits

topologicalsignificance.The general formula for theEulerclassofanarbitrary oriented
manifoldwas obtainedbyChemand it wasin studyingthisgeneralizationthat Chem
wasledto hisfamouscharacteristicclasses,namelythe Chemclasses.

EXAMPLE 4.10. C = GL( n, ~ . I~(C) isgeneratedby the characteristicclasses

c
0,c1,...,c,~defined by

det(~I~— ~-~—-~A)=

Theclassesw(ck) � H
2k(M, C), k = 1,2,... ,n ,arecalledtheChernclasses

of P.
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EXAMPLE4.11. C = U( n). I~(C) is generated by the classesCk definedinExample

4.10. Howeverfor A eu(n) onehasthefollowingcomplexconjugationcondition:

det(~\I~— —~—A)= det(>~I~—
2iri 2711

Thereforethe class w( Ck) turnsout to be a real cohomologyclass,i.e. w( Ck) �

H2k(M,R) C H21~(M,C),whereH2k(M,R)isregardedasasubsetofH2k(M,C)
by the isomoiphisminducedby theinclusionof R into C. In viewofthefact that

the CL(n, C) -connectionisreducibleto a U( n) -connection we findthat theclasses
w( Ck) ofExample4.10arein fact real.

As we haveindicatedabovethecharacteristicclassesturn out to berealcohomology

classes.Indeedthe normalizing factors, that we have used in defining them, make them
integralcohomologyclasses.

The total Chernclassc(P) of P is definedby

c(P) := I + c
1(P) + -‘ ‘+ c,,(P),

and the Chernpolynomial c(t) is definedby

c(~):= ~t”’c1(P) = t” + i”’ c~(P)+ .. ‘+ tc~_~(P)+ c~(P).

Wefactorize the Chempolynomial formally as follows

c(t) = (t+ z1)(t÷z2) ‘ ~-(t+ z,,).

The Chemclasses are then expressed in terms of the formal generators x1,... ,x~

by elementary symmetricpolynomials.For example

c1(P)x1+x2+-’’+z~

c2(P) =

c~(P)= 11X2 ‘‘ X,~.

The Chemcharacterch(P) is definedby

ch(P) = ~exp(z~) � H(M,Q),
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wherethe erp on the right-handside is interpretedas a formal series which in fact is
finite andterminatesafter ~(dim M) terms.Thefirst fewtermson the right-handside,

expressedin termof theChernclasses,give us thefollowingformula

ch(P) = n+ c1(P) + [~c~(P) — c2(P)] +

Anotherimportantclassis the Toddclass T( P) ~ H’( M, Q) defined by

I — exp(—x1)

Thecharacteristicclassessatisfythe following properties.
(i) Naturality with respectto pull backof b~nd1cs:

If f : N —* M and fP is thepullback of theprincipal bundle P( MC) to N,

then wehave

b(f~(P)) = f’(b(P)),

where b(P) is a characteristicclassof thebundle P.

(ii) The Whitney sumrule:

b(E1 EBE2) =

where E1, E2 are vector bundles and b is a characteristicclass.

If Eisacomplexvectorbundlewith fiber C which isassociatedto P( M, CL ( n,C))
thenthe k-th Chemclass ck(E) of E isrepresentedbyW(Ck) E H

2”(M, C). If F

is a realvectorbundleover M and FC its complexification,thenthe k-th Pontryagin
class Pk( F) of F is given by

Pk(F) = (_1)kc
2k(Fc) � H

4k(M,IR).

Wework out in detail theChernclassesfor an SU(2)-bundleovera compactman-

ifold. Let

A= (an a
12

\a21 a22

be a matrix in the Lie algebra su(
2) - The algebraof characteristicclassesis gener-

ated by the imagesof the invariantsymmetricpolynomials TrA = a
11 + a22 and
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detA = a11a22 — a12a21 . Writing azt = —L~zk/
2~2we get the polynomials in cur-

vaturerepresentingtheChemclasses

c
1(P) = ~ + ~22) = 0 (by theLie algebraproperty)

c2(P) = _-~-~-~-(L~11A~22~12 A~21)= ~—‘~-Tr(c~An).

The 2-formL~inducedby thecurvatureonthebasewill bedenotedby F. Wewill
seelaterthat F correspondsto a gaugefield. EvaluatingthesecondChemclassonthe
fundamentalcycle of M , we get

c2(P)[M] = —~-~- [Tr(FAF).

871 Ju

In view of the integralityof the Chemclasses,thenumberk defined by

k= —c2(P)[M]

isanintegerwhichis calledthe topologicalchargeor topological quantum numberofthe
principal SU(2)-bundle.Thetopologicalchargemayalsobedefinedas Pi ( P)[M],

where p~is the first Pontryaginclass. If M is orientable and dim M = 4 , thenwe
have

k = p1(P) = —c2(P).

Theindextheorem

The Atiyah-Singer index theorem is one of the most important results of modem

mathematics.A goodintroductionto this resultmaybefound inR. Palais[bPA2]andP.

Shanahan [bSH1]. Its applicationto gaugetheoriesis discussedin thebook by B. Booss
andD. Bleecker[bB01]. Wegivebelowa statementof oneversionof theindextheorem
and explainits relationto someof thespecialcasesdiscussedin this chapter.

THEOREM. (Atiyah-Singer)Let M be a compactmanifoldofdimensionm and let
(E,L) bean ellipticdifferentialcomplexoverM. Thenthereexistsa compactlysup-

portedcohomologyclass a(E,L) � H~(TM, Q) suchthat

Ind(E,L) = (a(E,L).td(TM® C))([TM]),

wheretd isthe Toddclassand [TM] isthe fundamentalclassofthe tangentbundle.
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Thestatemmentof the index theoremtakesa muchsimplerform in the specialcase
whenall theLaplaciansof theelliptic complexare secondorderoperators.In this case

it canbe shown that thereexists a cohomologyclass b(E,L) � Hm(M) with the
propertythat b(E,L) = 0 for odd m and

Ind(E,L) = (b(E,L))([M]).

In particular, m odd implies that ind(E, L) = 0 . The index theoremsfor classical
elliptic complexesarespecialcasesof this formulaas indicatedbelow.

1) FortheDeRhamcomplex E
1 = ~ L = d, b(E, L) = Euler classof M andthe

indextheoremtakestheform Ind(E,L) = x(M) , the Eulercharacteristicof M.

2) Forthe signaturecomplexof 4k-dimensionalmanifold M, E~= A~,L =

b(E,L) = Hirzebruch’s L~-polynomial(a polynomial in the Pontryaginclassesof
M) andthe index theoremtakesthe form Ind( E,L) = Sigri( M) , the Hirzebruch
signatureof M.

Similar formulationcanbegiven for theDolbeaultcomplexof a complexmanifold and
thespincomplexof a spinmanifold.

5. GAUGE FIELDSAND THEIR ASSOCIATEDFIELDS

5.1. Puregaugefields

The theoryof gaugefields and their associatedfields,suchas the Yang-Mills-Higgs

fields,wasdevelopedby physiciststo explainand unify thefundamentalforcesof nature.
Thetheoryof connectionsin a principalfiber bundlewas developedby mathematicians

during approximatelythe sameperiod,but the factthat they areclosely relatedwasnot
noticedfor manyyears.Sincethensubstantialprogresshasbeenmadein understanding

this relationshipandin applyingit successfullyto problemsin bothphysicsand mathe-
matics. Standardreferencesfor a generaldiscussionof gaugetheoriesarethe booksby

D. Bleecker [bBL], B. Booss,D. Bleecker[bBOl], L. Boutetdc Monvel,A. Douady,J.-
L. Verdier, eds. [bBO2],W. Drechsler, M. Mayer [bDRI] and the papers [DAlI, [EGI].

In physical applications one is usually interested in a fixed Lie group C calledthe

gaugegroupwhich representsan internalor local symmetryof the field. Thebaseman-
ifold M of the principal bundle P( M, C) is usually the space-timemanifold or its
Euclidean version, i.e. a Riemannian manifold of dimension 4. But in some physical

applications,suchas superspace,Kaluza-Klein and stringtheories,the basemanifold
canbean essentiallyarbitrary manifold.

Let M be an rn-dimensionalmanifold and P(M, C) a principal bundlewith the
gaugegroup C as its structuralgroup. A connectionin P is calleda gaugeconnection.

TheconnectionI-form w is calledthegaugeconnectionformor simply thegaugecon-
nection. A globalgaugeor simply agaugeis a section .s E F ( P) - The gaugepotential
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A on M in gauge a is given by A = s*(w). A global gauge and hence the gauge
potential on M existsif andonly if thebundle P is trivial. A local gauge,is a section
of thebundle P( M, C) restrictedto someopensubset U C M. Localgauges defined
for the local representations(U1, i,b~)~~1of P, always exist. Let t E F(U1, P) be a
local gauge; then the I-form t’w � A ‘(Ui, g) is called thegaugepotentialin the local
gauget and is denotedby A~.If the local gauge t is given weoftendenoteA~by A

andcall it a locaigaugepotential. Let ~ = dww bethecurvature2-formof w withval-
uesin theLie algebra g. Wecall L~thegaugefieldon P. Althoughthis terminology
is fai~lystandard,we would like to warnthereaderthatsometimes,in thephysicsliter-

ature,our gaugepotentialis calledthe gaugefield andour gaugefield is calledthefield
strengthtensor. As we haveseenin section3.1 abovethereexistsa unique2-form F~

on M with valuesin theLie algebrabundle ad P associatedto thecurvature2 -form
~ suchthat

=

The 2-form F~� A
2 ( M, ad P) is calledthe gaugefield on M corresponding to

thegaugeconnectionw. Thegaugefield F~is globallydefinedon M , even though,
ingeneral,thereis no correspondinggloballydefinedgaugepotentialon M. If we are
givena local gaugepotential A~� A (Ui, g) , then on U

1 we have the relations

t*w = A~andF~=

EXAMPLE 5.1. (The Dirac Monopole)LetS
3( S2,U( 1)) betheprincipal U( I) -bundle

over ~2 determinedby theHopffibrationof S3 . Let j~denotetheconnection1-form

ofthecanonicalconnectionon this bundleandlet F,~bethecorrespondinggaugefield
on S2 . In this casethere isno globallydefinedgaugepotentialon S2. Weneedat

least two charts to cover S2 and therefore,at leasttwo local potentialswhich give
rise to a single globally definedgaugefield. This field can be shownto beequiva-
lent to theDirac monopolefield. The Dirac monopolequantizationconditioncorre-
spondsto the classificationofprincipal U( I) -bundlesoverg2 . Theseareclassified

by ir
1 ( U( 1)) Z. In general, theprincipal C-bundlesover S

2 are classifiedby

ir
1(C). Thus ir1(SU(2)) = id impliesthatthereisauniqueSU(2)-monopolcon

~2 and ir1 ( S0(3)) = Z2 implies thatthereare two inequivalentS0(3) -monopoles
on S

2 (see[GR1], [WU4], [WU5], [YA4}, [YA6] for furtherdetails).

We denoteby .A(P) thespaceofgaugeconnectionson P definedby

(5.la) .A(P) : {w EA’(P,g) IwisaconnectiononP}.
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If P is fixed we will denoteA(P) simply by A and a similar notationwill be
followed for other related spaces.The spaceA is an affine spaceof the underlying

vectorspaceA 1 ~M, adP) . Indeedfrom thecondition(3.1)it follows that w1, w2 � A
impliesthat w1 — w2 is horizontaland thereforedefinesa unique I-form on M with
valuesin thebundle ad P. Thenwehavethat, for a fixed connectiona

(5.lb) A ~ {a+ lr*A A � A’(M,adP)}.

Thus the tangent space T~Ais isomorphicto A (M, ad P) and we identify the

two spaces.If (, )~is aninvariantinnerproducton g ,wehavea naturalinnerproduct
definedon T~Aasfollows

(5.2) (A,B).~= f g’
1(Aj,Bj)g, VA,B � T~A

where gtJ arethe componentsof themetrictensorg on M with respectto abasedz’
of TM and A = A~df, B = B~dx~.We observethat an invariantinner product

alwaysexistsfor semisimpleLie algebrasand is givenby a multipleof theKilling form

K on g givenby

K(x,y) = —Tr(ad~,ad~).

Theinnerproductdefinedin (5.2) canbe easily extended to A k(M, ad P) . A con-

nection w on P definesacovariantderivative

V”~:A°(M,adP) —÷A1(M,adP)

which is compatiblewith themetric on M, i.e.

(V~, ~)÷ (V~, i,b)X((qf, ~)),

Vçb,
1b�A°(M,adP),X�X(M).

If )~is the Levi-Civita connectionon (M, g) , then we candefine the covariant

derivative

Ak(M,adP) —~ F(T*M ®AkT*M®adP)

orsimply V~by

I ® + ® 1.
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The correspondingcovariantexteriorderivativeis denotedby d~’andits adjointis

denoted by ~
Gauge potentials and gauge fields acquire physical significance only after one postu-

latesthefield equationsto besatisfiedby them.Theseequationsand theirconsequences

mustthen be subjectedto suitablydevisedexperimentsfor verification. On more than
oneoccasiona theorywasabandoned,when its predictionsseemedto contradictanex-
perimentalresultand laterthis experimentor its conclusionsturnedout to be incorrect

andtheabandonedtheoryturnedout to be correct.In anycasethereis no naturalmath-
ematicalmethodfor assigningfield equationsto gaugefields. Thus theRiemanncurva-

tureof a space-timemanifold M is thegaugefield correspondingto thegaugepotential
givenby theLevi-Civita connectiononthe orthonormalframebundleof M , butit does
not describethe gravitationalfield until it is subjectedto Einstein’s field equations.If
insteadit satisfiesYang-Mills equations,then it describesa classicalYang-Mills field.

This aspectof gaugefields is alreadyevidentin the following remarkof Yang [YA2]:
<<The electromagnetic field is a gauge field. Einstein’sgravitationaltheoryis intimately

relatedto the conceptof gaugefields, althoughto ident(Jy the gravitational field as a
gaugefield is notan absolutelystraightforwardmatter.>>However,a studyof physically
interestingfield equationssuchas Maxwell’s equationsof electro-magneticfield and

their quantizationindicatessomedesirablefeaturesfor the gaugefield equations.One

of thesefeaturesis gaugeinvarianceof thefield equations.This requirementis formu-
lated in termsof the group of gaugetransformationswhich acts on thevarious fields
involved. In thefollowing paragraphwe give a mathematicalformulationof this group.

The group Dif f( P) of thediffeomorphismsof P is too largeto serveas agroup

of gaugetransformations,sinceit mixesup the fibersof P. Therequirementthat fibers
map to fibers maybe expressedby theconditionthat thefollowing diagramcommutes:

M~M
fM

Whenthisconditionis satisfied,we say that f � Diff( P) covers fM � Diff( M).

The set Dif fM(P) of all f � Di! f(P) suchthat f covers some fM � Di!1(M),
is a group calledthe groupofgeneralizedgaugetransformations.Wenote that the fiber

preservingpropertyof f completelydeterminesthediffeomorphism fM~Wedefine

the group g to be the subgroup Aut(P) C Dif fM(P) of principal bundle automor-
phismsof P. Thus

(5.3) := Aut(P) = {f � DiffM(P) I fM = idM}.

Then g is a normal subgroupof Di! fM( P). Wecall Q the groupofgaugetrans-
formations.From the definition (5.3) it is clear that the group Q maps each fiber of P
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into itself and we have the following exact sequence of groups

~_~g!4DiffM(P)-2-+Diff(M) -+1,

where i denotesthe inclusionmap and j is definedby

1(1) = f~ ‘c/f � DiffM(P).

In severalapplicationsone is interestedin splitting the aboveexactsequenceor in
constructingan extensionof Dif f( M) by ~. In particular, we often want to lift the

actionof Diff( M) to somesubgroupof Dif fM( P). Additional geometricstruc-
turesmay alsobe involved in this process.Forexample,if P = L( M) ,thebundleof
framesof M , thenit is a principalbundlebut carries the additionalstructuregiven by

thesolderingform 9 (seesection3.1) andwehavethefollowing proposition.

PROPOSITION5.1. Thereexistsa natural lift )~: Diff( M) —~ Diff( L( M)) which

splits theexactsequenceofgroups

1 ~~+Q~!÷DiffM(L(M)) LDiff(M) I.

Furthermore, f � Dif f( L( M)) is thenatural lift ofa diffeomorphismfM �

Diff( M) (i.e f = )~(f) ) if and only if f leavesthesolderingform invariant, i.e
f’O=O. .

WhenM is a four dimensional Lorent.zmanifold,connectionson the frame bundle

L(M) play the role of gravitational potentials. Action functionals involving connec-
tions and metrics on M form the starting point of gauge theories of gravitation.

The group Q acts on the space of gauge connectionsA(P) by pulling back the

connectionform. i.e.

(f,w)~—~f.w=fw, 1EQ,w�A(p).

Wesaythatconnectionsa,/3 � A are gaugeequivalentif there exists a gauge trans-

formation f � Q such that i3 = f - a. From the definition of the action of g on A
givenabove, it follows that eachequivalenceclassof gaugeeq uivalentconnectionsis
an orbit of c in A. The orbit space 0 = A/~ thus represents gauge inequivalent

connectionsandis calledthemodulispaceofgaugeconnectionson P( M, C).
A physicalinterpretationof a gaugetransformationf � c isthat f is alocal (point-

wise) changeof gaugeover M. For this reason it is sometimes called a local gauge

group,butwe will notusethis terminology.Thereareseveralalternativedefinitionsof
thegroupof gaugetransformations.Wehavecollectedtogetherthemostfrequentlyused

definitionsin thefollowing theorem.
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THEOREM 5.1. Thereexistsa one-to-onecorrespondencebetweeneachpair ofthefol-
lowing threesets:

(i) thegroupofgaugetransformations~,

(ii) theset ~Q( P, C) ofall functionsf: P —‘ C suchthatf is C-equivariant,
with respectto theadjoint actionofC on iLself~

(iii) theset F (P XAd C). ofsectionsoftheassociatedbundle P XAd C overM.

Proof The correspondencebetween.T~(P,C) and F(P xAd C) is a special case
of the correspondencebetweenF~(P, F) and F (E( M,F, r,P)) with F = C and

r = Ad, the adjoint actionof C on itself (seesection 2.2). For g � Q we define
f9 : P —~ C by

f9(u) = a,

where a � C is the unique elementsuch that g(u) = ua. It can be verified that
g i—~ fg is a one-to-onecorrespondencefrom ~ to .~( P, C) with inverse given by

themapfrom .FG(P,C) to ~ suchthat fi—~9j where g1(u) = uf(u). •

In view of this theoremwe use anyoneof thethreerepresentationsabovefor the

group of gaugetransformationsas needed.Forexample,regarding Q asthe spaceof

sections of (P XAdC) , thebundleof groups(not a principalG-bundle),wecanshow
that a suitableSobolevcompletionof g (also denotedby ~) is a BanachLie group
(i.e., ~ is a Banachmanifold withsmoothgroupoperations).Let ad denotetheadjoint
actionof the Lie group C on its Lie algebrag . Let E(M, g, ad,P) betheassociated

vector bundle with fiber type g and action ad, theadjointactionof C on g . Recall

that this bundle is a bundle of Lie algebrasdenotedby P Xad g or adP. Wedenote
F (adP) by £~; it is a Lie algebraunderpointwisebracketandpointwiseexponential
map to g. Wewill showin the next section that a suitableSobolevcompletionof £Q
is a BanachLie algebrawhich is theLie algebraof the infinite dimensionalBanachLie
group c.

5.2. Thespaceof gaugeconnections

Withoutany assumptionof compactnessfor M or C it canbe shown that g is a

Schwartz Lie group (i.e. a Lie group modeledon a Schwartzspace)with Lie algebra
consistingof sectionsof ad P of compactsupport. A discussionof this approachis
developedin [ABI], [AB2], [Ml 1]. Whilethis approachhastheadvantageof working in
full generality,the technicaldifficulties of working with spacesmodeledon anarbitrary

locally convex vector space can be avoided by considering Sobolev completions of the
relevantobjectsas follows.
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In this section weconsidera fixed principalbundle P(M, C) with compactcon-

nectedorientedRiemannianbasemanifold M and compactgaugegroup C. Theseas-
sumptionsaresatisfiedby mostEuclideangaugetheoriesof physical interest.Thebase
manifold is typically a sphere S’~or a torus T”~ or their productssuchas S’~x Tm.

Thusfor n = 4 onefrequentlyconsidersasabase~4 , T’~,g3 x ~1 , s2x~2 With ap-

propriateboundaryconditionson gaugefields onemayalso includenon-compactbases
such as R4 or JR3 x S’ The gaugegroup C is generallyone of the following:

U(n), SU(n), 0(n), S0(n) oroneof theirproducts.Forexamplethegaugegroup
of unified electroweaktheory is SU(2) x U( 1) . As we discussedabovethe gauge

connections (gauge potentials) and the gaugefields acquirephysicalsignificanceonly
after field equations,to be satisfiedby them, are postulated. However the topology and

geometry of the space of gauge connections has significance for all physical theories
andespeciallyfor theproblemof quantizationof gaugetheories.Variousaspectsof the
topologyand geometryof the spaceof gaugeconnectionsand its orbit spaceshavebeen
studiedin [AR1], [AT9], [BA2], [B02], [C03], [C04], [GA2], [KOl], [Ml3], [M02],

{SI6], [WAll, [YA3I.
Let E be a Riemannianvectorbundleovera compactRiemannianmanifold M

associatedto P(M, C) . Recallthat A P(M, E) = F ( A~(M) ® E) is the spaceof
p-forms on M wilh values in E. Fixing aconnectiona on P andusingthe induced

covariantderivative V~on A P( M,E) , we definea Sobolev k-form on A P( M, B)
by

II~IIk= (~fI(V~)’~I2)”2, ~ � A~(M,E).
Al

The completion of A P(M, E) in this norm is a Hilbert space under the associated

bilinearform denotedby Hk(A P( M, E)) .A differentchoiceof the connectionon P

and metrics on M and E gives an equivalentnorm. The map d~: A P(M, E) —~

A pf 1 ~M,E) extends to a smooth bounded map of Hilbert spaces(also denotedby d&)

d~:Hk(A~(M,E))~Hkl(A~’(M,E)).

For p = 0 this map has finite dimensionalkernelandclosedrange.In generalthe
sequence

0 Hk(A°(M,E))~Hk_l(A1(M,E))~...

fails tobeacomplex,theobstructionbeingprovidedby thecurvatureof a. In particular
fixing a connectiona on P gives an identification of A with A ‘ ( M, ad P) and
we denotethe correspondingSobolevcompletion of A in the k-norm by Hk(A)
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The curvature map w —~ = duw extends to a smooth boundedHubert spacemap
from Hk+1 (A) into Hk(A2 (M, ad P)) for k � 1. TheSobolevcompletionof the
gauge group Q is obtained by considering Q as a subsetof A°( M, P x,, End(V)),

where p : C —~ End(V) is a faithful representationof the gaugegroup C. We

defineHk(Q) tobetheclosureofQin Hk(A°(M,Px~End(V))). TheLiealgebra
structureof A (M, ad P) extendsto a Lie algebrastructureon itsSobolevcompletion
Hk(A ‘(M, adP)) and wehavethefollowing theorem.

THEOREM 5.2. For k > ~-(dimM + 1), Hk(g) is an infinite dimensionalLie
groupmodeledon a separableHilbertspacewithLiealgebra Hk(A°( M,ad P)) . The

action of g on A definedin section5.1 extendsto a smoothactionof Hk(g) on
Hkl(A).

From now on weconsiderthat all objectsrequiringSobolevcompletionshavebeen

completedin appropriatenorms anddropthe Hk from Hk(ob)ect).
In manyapplicationsoneisinterestedin theorbitspace0 = a /~whose points cor-

respondto gaugeequivalentconnections.Theorbit spaceis given thequotienttopology
andis a Hausdoriftopologicalspace.However,in general,theactionof g on A is not

free and 0 fails to be a manifold. Wenowdiscusstwo methodsof suitablymodifying

A or Q to obtainorbit spaceswithnicemathematical structure.
1. Let ~ C Q denote the group of basedgauge transformations, definedby

go=AutoP={feAutpIf(u)=u forsomefixedu�P}.

A basedgaugetransformationthat fixes a connectionis the identity. Therefore90
actsfreely on A and the orbit space0~= A/9

0 is an infinite dimensionalHubert

manifold. A(00, 90) is a principalfiberbundlewithcanonicalprojection

~o :A—’A/90=00.

2. Let Z(C) denotethe centreof the gaugegroup C. Denote by 2 F(P XAd

Z(C)) ‘~‘ Z(c). Let Q~= 9/2. Let Air C A denote the spaceof irreducible

connections.Then9~actsfreely on A2~and we denote by
0~r theorbit spaceA~/g~.

0ir is an infinite dimensionalHilbert manifold and Air( 0~,, 9~)is a principal fiber

bundlewith canonicalprojection

Air A~/g~ = 0~.

Nowweusethis constructionto studythe Gribov ambiguity.
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Gribovambiguity

The group of gaugetransformations9 acts on A. We denote this action by

(g,w) ‘—. gw, g � 9, w � A . The inducedactionon the curvature (~is given

by gi~= . We denoteby 0 the orbit spaceof gaugeequivalentconnections
(gaugepotentials),i.e.

0= A/c.

We denoteby

p: A -‘ 0= A/9

thenaturalprojection. In theFeynmanintegralapproachto quantizationone mustinte-
grateoverthis orbit spaceto avoid the infinite contributioncoming from gaugeequiv-

alent fields. However, the mathematicalnatureof this spaceis essentiallyunknown.
Physicistsoftentry to getaroundthis difficulty by choosinga section s : 0 —~ A and
integratingoverits image s(0) C A with a suitableweight factorsuchastheFadeev-

Popovdeterminant,whichmay bethoughtof as theJacobianof the changeof variables

effectedby P15(O) : s(0) -~ 0. This procedureamountsto a choiceof oneconnec-
tion in A from eachequivalenceclassin (0) and is referredto asgaugefixing. The
questionof theexistenceof suchsectionsisthuscrucial forthis approach.Forthetrivial

SU(2) bundleover , Gribov showedthat the socalledCoulombgaugefails to be

a section,i.e. the Coulombgaugeis nota true gaugeglobally. Gribov showedthat the
local sectioncorrespondingto theCoulombgaugeatthe 0 connectionif extended(un-

dersomeboundaryconditions)intersectstheorbit through 0 atlargedistancesandthus
fails to be a section.The boundaryconditionsimposedby Gribov amountto thegauge

potentialbeing definedover thecompactificationof P
4 to S4 . He alsodiscusseda

similarproblemfor R3 . This non-existenceof aglobal gaugeis referredto asthe Gri-
boy ambiguity. In view of this negativeresult, it is naturalto ask if any true gauge

existsundertheseboundaryconditions.Withoutany boundaryconditionsit is possible
to exhibit a global gauge,but it doesnot seemto haveany physicalmeaning.Weshow
that in fact the Gribov ambiguity is presentin all physicallyrelevantcases,sothat no
global gaugeexists.Forfurtherdetailssee[CH2I, [GR3], [GR4], [JAI], [SI5].

TheGribov ambiguity is a consequenceof the topologyof theconfigurationspaceas

wenowexplain.Let P( S4, SU(2)) beaprincipalbundle.Recall that A is isomorphic
tothevectorspaceof I-forms on S4 with valuesin thevectorbundle adP= P Xodg

oncea connectionis fixed. If a E A is a fixed connectionwecanwrite

A ~{a+AIA�A’(S4,adP)}.
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Considertheslice S0, definedby

Sf1, := { a+ A I 5~A= 0) C A.

In particular if a = 0 then

S0 ={AI5°A=0}.

Wecall this the generalized Coulomb gauge. Locally the condition 6°A = 0 canbe
written as

A~ > ~- = 0.

Locally (or on JR
4 as a base) one can find a connection gauge equivalent to the given

connection with zero time component. The gauge condition then reducesto the classical
Coulombgauge

divA 0.

It is convenient to reformulate the definition of the group 9 of gauge transformations

as follows. Let

= E(M, ‘i2,r,P)

be the vector bundle associated to P with fiber ~ 2 , where r isthedefiningor standard
representation of SU(2) on ~ 2 Then

9~{h�F(Hom(E
2,E2))Jh(x) ESU(2) ,VxEM}.

Define the isotropy group 9~,of a fixed connection a by

~0 {gEgIga=a}.

It is easy to seethat g E c~if and only if

d~g= 0

In particular g iscompletely determined by specifying its value at a single point, say,

x0 � M. To study thequestionof the irreducibility of a, we considertheholonomy
group Ha of theconnectiona at x0 . Weobservethat g �

9a if andonly if g(z
0) �

SU(2) and [g(x0), Ha] = 0 . If a is irreduciblethenthis is equivalentto requiring
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that g(’o) � Z(SU(2)) (the centerof SU(2) which is isomorphicto Z2). We
definethegroup 9,~asthequotientof 9 by thecenterZ(C) of C, whichin this case
gives

= c/z2.

Let Air C A be theset of the irreducibleconnections. c~actson Air andthe

quotient
0jr is theorbit spaceof irreducibleconnections.Air is a principle Q~-bundle

over 0ir , i.e.

Air = P(Oir,9c).

Let f : S~’—+ Air C A beacontinuousmap.Regardingf asamapoftheboundary
of a (k + 1)-simplexAk+I we canextend f linearly to a mapof ~k+ to A . It canbe
shownthat the extendedmap is homotopicto a map g which actuallylies in Air. The

constructionusesthefact that theset A~of reducibleconnectionsis a closednowhere

densestratified subsetof A. A simpleargumentthen showsthat f ‘-.~ g Ca where
Ca is the constant map Ca(Z) = a, Vx � Sk.Thus

(5.4) ~k(Air) = id.

Undercertain topologicalconditionsit canbe shown that Air = A. Forexample

if P( M,SU(2)) is a non trivial bundle and for thesecondcohomologyspacewehave
H2( M, Z) = 0 , then Air = A. In particularthis conditionis satisfiedby M = S4

Wenowshowthatfor a fixed non-trivial SU(2)-bundleover S4 , thereexistssome

k suchthat

(5.5) ~k(c~)~ id.

Assumingthe result (5.5) wecanprovethat no gauges : 0 -~ A existsin this

case.Forif suchan s existsthen

0ir ~ Air

is a crosssectionof theprincipal 9c-bundleAir and we havea correspondingtrivial-
ization Air = 0ir x 9~.Therefore,for some k,

0_ ltk(Air) = ‘lrk(Oir) X ~k(c~)~‘o.

To completeour argumentwenow sketcha proofof (5 .5) . By definitionof c~we

havethe following exactsequence

0 —~Z
2—~c—.g~---+o.
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Therefore if 9 is connectedthen ir~(cc) is non-trivial. For k > 1 we have

= ~k(
9c)~ Recall that the group 9~is a group of based gauge transfonnations

over some fixed point of the manifold, which we may taketo be the point at infinity (i.e.
the north pole) on S4 . Wehave the following short exact sequence

0 —~9~—~9--~SU(2)—p0.

It inducesthe following longexactsequencein homotopy

_4 7~i(5~J(2)) Rk(90) ~k(G) —~ ~k(SU(2)) —+‘‘‘.

In particular we have

-~ i~
3(SU(2)) ‘ ~2Wo) —, ~2(g)—‘

(5.6)
_‘ ~2(.s’r’(~))~

In thepresentcaseof an SU(2)-bundleover S
4 it canbe shownthat

~k(90)

In particular ir
2(g0) ~‘ ir6(SU(2)) = Z12. Wealso know that ir3(SU(2)) = Z

and ir2(SU(2)) = 0 . Thus (5.6) becomes

-41r3(9) -4Z —4Z12 —47r2(9) —‘0.

Thus if ir2(9) = 0 then ir3(c) ~0 . Thuseither 7r2(Q) ~0 or ir3(9) ~I0.
The non-existence of a global gauge fixing need not prevent an application of path-

integralmethods.Forexampleone mayuse the factthat the orbit space
0tr and the

space A
1,. are paracompact. Thus we may be able to find a suitable locally finite cov-

ering and a subordinate partitionof unity for ~ andconstructlocal gauges and local

weightsto definethepathintegrals.Howeverfor thisprocedureto work weneedanex-
plicit descriptionof the locally finite coveringand local weights for the Fadeev-Popov

approach.

5.3. Associated fields and coupled equations

Let E( M, F, r, P) bea vectorbundleassociatedto theprincipalbundleP( M, C).
We call a section ~ � F ( E) an E-potential (or a generalized Higgs potential) and

d~’çban E-field (ora generalizedHiggsfield) associatedto thegaugeconnectionw. If
E = ad(P) := P Xod g then ~ is calledthe Higgspotentialand d~q~theHiggsfield
associatedto the gaugeconnectionw. Wecall ad(P) the Higgsbundle. In general

thereareseveralfields that canbedefinedon bundlesassociatedwith agivenmanifold.
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Forexample,on a Lorentz4-manifold theLevi-Civita connectionis interpretedas rep-

resentinga gravitationalpotential.Recall that theLevi-Civita connectionis theunique
torsion-freeconnectiondefinedon the bundleof orthonormalframes 0(M) of M.

In generalif M is a pseudo-Riemannianmanifold, we candefinethe spaceof linear

connectionsA(0(M)) on M by

A(0(M)) :=

{ a � A’(O(M),so(m)) ais aconnectionon0(M) }.

Generalizedtheoriesof gravitationoftenuse this A( 0(M)) astheir configuration
space.If M is a spin manifold and S(M)(M,Spin(m)) the Spin(m)-principal
bundleonecanconsiderthespaceA(S(M)) of spinconnectionson thebundle S(M),

definedby

A(S(M)) :=

= {13�A’(S(M),spiri(m)) f3isaconnectiononS(M)}.

For a given signature (p, q) we may consider the space 7?..M(~Q)( M) of all pseudo-
Riemannian metrics on M of signature(p,q) The spaceR,.M(mO)(M) of Rieman-
nian metrics on M is denotedsimply by ~R.Jvt(M). Recall that thereis a canoni-

cal principal CL(m, R) -bundle over M, namely L(M) the bundle of frames of
M. If p : CL(m,R) —s End V is a representationof CL(rn,R) on V and

E(M, V, p,L(M)) is the corresponding associated bundle of JAM) , then we denote

by W the spaceof E-potentialsF(E) ,i.e.

W= F(E(M,V,p,L(M))).

Thusweseethatwehaveanarrayof fieldson a givenbasemanifold M andwemust

specifytheequationsgoverningthe evolutionand interactionsof thesefields andstudy
their physicalmeaning.Thereis no standardprocedurefor doingthesethings.In many
physicalapplicationsoneobtainsthecoupledfield equationsof interactingfields asthe

Euler-Lagrangeequationsof a variationalproblemwith theLagrangianconstructedfrom
the fields. ForanygivenproblemtheLagrangianis chosensubjectto certaininvariance

or covariancerequirementsrelatedto the symmetriesof the fields involved. We now
discussthreegeneralconditionsfor Lagrangiansthat arc frequentlyimposedin physical

theories. In what follows werestrictourselvesto a fixed, compact4-manifold M as
the basemanifold, but thediscussioncanbe easily extendedto apply to an arbitrary
basemanifold. Let P( M, C) be a principalbundleover M whosestructuregroup C
carriesa bi-invariantmetric h. For exampleif C is a semisimpleLie group,then a

suitablemultipleof theKilling form on g providesa bi-invariantmetricon C.
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Wewant to consider coupled field equations for a metric g � 7~M(M) , a potential

4’ � W( M) (a sectionof thebundleassociatedto theframe bundle L( M) ), acon-
nection w � A(P) and a generalizedHiggspotential ~ � N = r(E(M, Vf,r, P)),
where r: C —, End(Vf) is a representationof thegaugegroup C. Thus our config-

uration spaceis defined by

C:—RJvlxWxAxN.

Weassumethatthefield equationsarethevariationalequationsof anactionintegral

definedby aLagrangianL on theconfigurationspacewithvaluesin A4( M) . Whena
fixed volume form such as the metric volume form is given we regard L as arealvalued

function. Weshalluseany one of these conventions withoutcomment.Theaction~ is
given by

£(g, 4’, w, ~) = fL(g, 4’, w, ~).

There arevariousgroups associatedwith the geometricstructuresinvolved in the
construction of these fields, which have natural actions on them. Wenote the following

exact sequence of groups:

0 —‘9—’ DiffM(P) —‘ Di! f(M).

Weshall require the Lagrangian to satisfy the following conditions:
i) Naturality, ii) Local regularity,iii) Conformalinvariance.

i) Naturality: Naturality with respectto thegroup of generalizedgaugetransfor-
mationsis definedas follows. Let F � Dii fM( P) bea generalizedtransformation

covering f � Diff( M). Then by naturality with respectto DiffM( P) we mean
that

(5.7) L(fg,f4’,F~w,F,.”iJ.’) = fL(g,4’,w,v,b),

where f is the inducedactionof f on W, and F,.~is the action induced by the gen-
eralizedgaugetransformationF on U. In theabsenceof theprincipalbundle P this

conditionreducestonaturalitywith respectto Diff( M) andis Einstein’sconditionof
generalcovariance of physical lawsderivedfrom theLagrangianformalism.Furtherin
theabsenceof W(M) thiscondition corresponds to thecovarianceof gravitationalfield

equations when the Lagrangian is taken to be the standard Einstein-HilbertLagrangian.
If werequirenaturality with respectto thegroup c then thecondition(5.7) is precisely

the principle of gaugeinvarianceintroducedby Weyl. Since in this case f = id the
condition(5.7) becomes

L(g,4’,Fw,F,~i,b)= L(g,4’,w,i,b).
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TheconceptofnaturaltensorsonaRiemannianmanifoldwasintroducedin [EP1I and
wasextendedto orientedRiemannianmanifoldsin [ST3]wherea functorialformulation

of naturalityis givenand a completeclassificationof naturaltensorfields is givenunder
someregularityconditions.

ii) Local regularity: Given any coordinatecharton M and a local gaugewe can

expressthe variouspotentialsand fields with respectto inducedbases.We require that
in this systemtheLagrangianbe expressibleas a universalpolynomial in

(de~~)h/2, (det hy112, gii, a1a1
9./a~

4’i~i~~ ~

where a, fl ‘~, 6... are suitablemulti-indices(i.e. in the coefficientsand derivatives
of the potentials and fields in the inducedbases). In physical applicationsoneoften

restrictsthe orderof derivativesthat canoccurto 2. For examplein gravitationone
considersnaturaltensorssatisfyingthe conditionsthat they containderivativesup to

order2 anddependlinearly on the secondorderderivatives.Then it is well known that

suchtensorscanbeexpressedas

+ c
2g’~S+~

where R
1~are thecomponentsof theRicci tensorand S is the scalar curvature. Ein-

stein’s equationswithor without thecosmologicalconstantinvolve the abovecombina-
tionwith suitablevaluesoftheconstantsC

1, C2, C3. Applyingtheclassificationtheorem
of [ST3] to SO(4) actionson themetricand gaugefields,we getthefollowing general

form for theLagrangian:

L(g, w) = c1S
2 + c

2~IKII
2+ C

3IIW~
2+

(5.8)
+ C

4I~W112 + CsIlF~AF~II+C6IIF~A(*F~)lI,

whereS, K, W~,W aretheSO(4)-invanantcomponentsoftheRiemanniancurva-
ture(seesection3.2), and F~is thegaugefield of thegaugepotential w. Fora suitable

choiceof constantsin theaboveLagrangianwe obtainvarioustopologicalinvariantsof

M and P aswell asthepureYang-Millsaction. Forexamplethe first Pontryaginclass
of M is given by

p1(M) = ~ fM - 11W11
2).

The first Pontryaginclassof P is given by

PI(~) = 81T2fMI IIF~~2)
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which turnsout to betheinstantonnumberof P (seesection6.2).

To satisfytheconditionsof naturalityandlocalregularityfor fieldscoupledto gauge

fields physicistsoftenstartwithordinaryderivativesof associatedfieldsandthecoupling
is achievedby replacingtheseby gaugecovariantderivativesin theLagrangian. This

is calledtheprinciple of minimal coupling(or interaction).An interestinggeometrical
discussionof this may befound in [PEI]. Thesetwo requirementscanalsobe formu-
latedby taking theLagrangianto be definedon sectionsof suitablejet bundleson the

spaceof connections.Using this approacha generalizationof theclassicaltheoremof
Utiyama[UTI] hasbeenobtainedin [GA2] and [MA3].

iii) Conformalinvariance:The condition of conformalinvarianceof theLagrangian
maybeexpressedas follows

L(e2ag,4’, w, ~) = L(g, 4’, w, ~), V~� Y(M).

In general,Lagrangianssatisfyingthe conditionsof naturality and regularityneed
notsatisfy the conditionof conformal invariance.This conditionis oftenusedto select

parameterssuchasthedimensionof the basespaceand therank of therepresentation.
A particularcaseof (5.8) is theYang-Mills Lagrangianwith action

8=

It is an exampleof a Lagrarigianthat is conformallyinvariantonly if thedimension

of M is 4.

A largenumberof Lagrangianssatisfyingthenaturality andregularity requirements
areusedin the physicsliterature. Theyarebroadlyclassifiedinto bosonicLagrangians
andfermionicLagrangians,dependingontheabsenceorpresenceof spinstructuresand

their associated fields. For example a bosonic Lagrangian is given by

Lb

030fl(g, w, ~) = ~ + IIV~II

2 + ~~SII~bII2— V(~b),

where V is the potential function which is taken to be a gauge invariant polynomial of

degree <4 on the fibers of E. If M is aspinmanifold andif ~ is a bundleassociated
to the spin bundle, then we define an E-valued spinor to be a section of E ®E. The
fermion Lagrangian is defined by

r t~_ 2 /
~-“fermion’-9’ w, ç., — F~ + ~v(e), &‘,
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where~ � F ( ~ 0 E) andV istheDiracoperatoron E-valuedspinors(seesection4.2).

Severalimportantpropertiesof coupledfield equationsarestudiedin [PAl], [AR2]. Fur-
therreferencesforthis andrelatedmaterialare [B04], [HA4], [LEI].

Removablesingularities theorems

Gaugefields and their associatedfields arisenaturallyin thestudyof physicalfields
and their interactions.The solutionsof theseequationsare often obtainedlocally. The
questionof whetherfinite energysolutionsof thecoupledfield equationscanbe ob-

tainedglobally is of greatsignificancefor boththe physicaland mathematicalaspects.
The early solutionsof SU(2) Yang-Mills field equationsin Euclideansettinghad a
finite numberof point singularitieswhenexpressedas solutionson thebasemanifold

lR~. Thefundamentalwork of Uhicubeck([UH1]-[UH4]) showedthat thesepointsin-

gularitiesin gaugefields areremovableby suitablegaugetransformationsandthat these
solutionscanbeextendedfrom P4 to its compactifications~assingularityfreesolu-
tionsof finiteenergy.Thesetheoremswereextendedto finite energysolutionsofcoupled

field equationson 4-dimensionalRiemannianbasemanifoldsin [PAl], It wasshownin
[UH1] that the removable singularitiestheoremsfail indimensionsgreaterthan4. In di-
mension3,theremovablenatureof isolatedsingularitiesis discussedfor theYang-Mills

and Yang-Mills-Higgsequationsin A. Jaffe,C.Taubles[bJAI] and in [SIl].
An interestingsolution of SU(2) Yang-Mills equationsover R~with fractional

topologicalchargeand finite actionwas obtainedin [FOIl. This solution has a set of

singularpointswhich constitutea 2-dimensionalsphere 82. As pointed out in [F02]
this solutioncorrespondsto a gaugeconnectionin a principal bundleover JR4\ 52 and

is not a connectionover 1R~. Indeedthis solutioncanbc extendedto S4 \ 52 butnot
to all of g4 . The fractional topologicalchargearisesessentiallydue to the fact that

~4 ~ 52 is not simply connected.It canbe shown(see[TAI], [TA2], [S12],[SI3]) that
local Sobolevconnectionson SU(2) -bundles over R~\ M (M a smoothlyembed-

dedcompact2-manifoldin R4 ) with finite Yang-Millsactionsatisfya certainholonomy
condition. If thesingularset hascodimensiongreaterthan 2 then the techniquesused

for point singularitiescanbe appliedto removethesesingularities.Thusa codimcnsion
2 singular set, such as an g2 embedded in R~, provides an appropriate setting for new
techniquesand results.Forexample,theholonomyconditionimpliesthat thereexist flat

connectionsin a principalbundleover JR4 \ S2 which cannotbe extendedto a neigh-
boroodof the singularset S2 eventhoughthebundleitself maybetopologicallytrivial.
It turnsoutthat a family of suchconnectionsmaybetopologicallytrivial. It turnsOut that

a family of suchconnectionsmaybe usedto obtaina non-trivial connectionwhich can
be extendedto a neighborhoodof the singularset([CHI], $14]). Theseideastogether
with the work on monopolesin hyperbolic3-spaceU3 discussedin [AT4], [BRI] has
recentlybeenusedin [S14]to provetheexistenceof non-dual (andhencenon-minimal)

solutionsof Yang-Mills equations.
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6. YANG-MILLS FIELDS

6.1. Yang-Mills fields

TheYang-Mills fieldsform a specialclassof gaugefieldsthat havebeenextensively
investigated.In addition to the references given for gauge fields we give the following
referenceswhich dealwith Yang-Mills fields. They are [B05]-[B07], [bDOl], [GU1],

[M03], [ST2], [UH4], [WE2], [W12], [WI3], [YA1]-[YA5I. A source-freeelectromag-
neticfield istheprototypeof Yang-Mills fields. Wewill showthata source-freeelectro-

magneticfield is a gaugefield with gaugegroup U( I) . Let P(M4,U( 1)) be a prin-

cipal U( 1)-bundle over theMinkowski space M4. Any principal bundleover M4
is trivializable. We choosea fixed trivialization and use it to write P(M4,U( I)) =

M4 x U( 1) . TheLie algebrau( I) of U( 1) maybe identified with iR. Thusacon-
nectionform on P maybewritten as iw, w � A’ ( P) ,by choosing i asthebasisof
theLiealgebrailR. ThegaugefieldcanbewrittenasiQ ,where~ = dw ~ A2(P).
Thebundle ad(P) is alsotrivial andwehavead (P) = M4 xu( 1) . Thus the gauge

field on the baseM4 canbe written as iF, F � A2(M4). Using the global gauge
s: M4 -~ P definedbys(x) = (z, I), Vi � M4 wecanpulltheconnectionformiw

to M4 to obtainthegaugepotential iA = i?w. Thus A � A ‘(M4) and F = dA.
The field equations6F = 0 are obtained as the Euler-Lagrange equations minimizing

the action f 11F112 , where IIFII is thepseudo-norminducedby theLorentz metricon

M4 . A gaugetransformationf is a sectionof Ad(P) = M4 xU( 1) . It is completely
determinedby thefunction ~ � Y( M4) suchthat

f(z) = (x, e”~) � Ad(P), Vi � M4.

If iB denotesthepotentialobtainedby the actionof thegaugetransformationf on

iA , thenwehave

iB = e~(iA)e”~’+ e~de’~,or B = A + d~,

which is the classical formulation of the gaugetransformationf. We observethat the

group c of gauge transformations acts transitively on the space of gauge connections

A and hence the moduli space A/9 reducesto a singlepoint. Thisobservationplaysa
fundamentalrole in the path integral approach to QED(quantumelectro-dynamics).

Theaboveconsiderationscanbe appliedto any simply connectedmanifold M. In

particular,if M is acompact,simply connected,Riemannianmanifold andtheelectro-
magneticfield F � A2 ( Al) is definedas above,thentheequationsdF = 0, 6F = 0
satisfiedby F imply that F is a harmonic2-form, i.e. F is a solutionof theequation

~2 F = 0, where ~2 = d6 + 6d

istheHodgeLaplacianon2-forms. ThusweseethattheEuclideanversionofMaxwell’s

equationsarepreciselytheequationsfor harmonic2-formsof Hodgetheory. An appli-
cationof Hodgetheorynow leadsto the following
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THEOREM 6.1. Let P(M, U( I)) bea principal bundleovera compact,simplycon-
nected,RiemannianmanifoldM. Thenthegaugefield(curvature)ofanygaugepoten-
tial istheuniquehannonic2-formrepresentingthefirst Chemclass c

1( P).

Recall that the first Chernclass classifiestheseprincipal U( 1)-bundlesand is an
integralclass.Whenappliedto thebasemanifold S

2 this classificationcorrespondsto
theDirac quantizationconditionfor a monopole(Example5.1).

EXAMPLE 6.1. (Bohrn-Aharonoveffect)TheExample5.1oftheDirac monopoleshows

that the topologyof the basespacemayrequireseverallocal gaugepotentialsto de-

scribea singleglobalgaugefield. In classicaltheoryonlytheelectromagneticfield was
supposedto havephysicalsignificancewhile thepotential was regardedasa mathe-
matical artifact. In non-simplyconnectedspacestheequation dF = 0 definesonly

a local potentialbut a global topologicalpropertyofbelongingto a givencohomology
class. BohmandAhamnovaAHI], [AH2], [WU3]) suggestedthat in quantumtheory
the electromagneticpotential A, in a mult;ply connectedregion ofspace-timehasa

furtherkindofsignificancethatit doesnothavein the classicaltheory. Theyproposed
to detectthis topologicaleffectbycomputingthephaseshift j A

1dx’ arounda closed
curvenothomotopicto the identityand computingits effecton an electroninterference

experiment. Thepredictedeffectwas confirmedbyexperimentalobservations. This
resultfirmly extablishedthephysicalsignificanceofthegaugepotential.

In this sectionwe restrictourselvesto the spaceA of gaugeconnections.If w is a
gaugeconnectionon P thenin alocal gaugea � F ( U, P) wehavethegaugepotential

A3

anda gaugetransformationg reducesto a C-valued function g~on U, with action
on (A3,4’) given by

98 .A8 =(adg8) oA3+ 9e,
where 8 is the canonical 1-form on C and

.4’ = (adg3) .4’.

The gauge field F~is theunique2-form on M satisfying

= ~

where ~l is the curvature of the gauge connection w. Locally (i.e. on U)

F~= ct’A3 = dA8+ ~-[A3,A3],
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where the bracket is taken in the Lie algebra g.
It is alwayspossibleto introducea Riemannianmetricon vectorbundlesover M.

Al itselfadmitsa Riemannianmetric. Weassumethat metricsarechosenon M andthe
bundlesoverM and the norm is definedon sectionsof thesebundlesas an L2-norm
if Al is notcompact.

The Yang-Millsaction AYM is definedby

(6.1) AYM(w) = ~

Thecorrespondingpure Yang-Millsequation is

(6.2) 6”~F~= 0

which is equivalent to

(6.3) d~*F~=0.

Note that in thiscasethereis only onenontrivialBianchi identity

(6.4) d’~F~=0.

This identityis aconsequenceof theCartanstructureequationsandexpressesthefact
that locally, F is derivedfrom apotential. It is customary to consider the pair (6.2) and

(6.4) or (6.3) and (6.4) as the Yang-Mills equations. This is consistent with the fact that
they reduceto the Maxwell equationsfor the electromagneticfield F when the gauge
group C is U( I) and Al is the Minkowski space. When M is four dimensional

we can associate to the pure Yang-Mills equationsthe first order instanton(resp.and-

instanton)equations

(6.5) F~_—*F~(resp.F~=—*F~).

The Bianchi identities imply that anysolution of the instanton equations (6.5) is also
a solution of the Yang-Mills equation (6.2). The fields satisfying F~= *F~ (resp.

= — * F~) are called self-dual(resp.anti-self-dual)Yang-Mills fields. The solutions
in thecaseof M = S4 werecalled instantons,butthis term isnow usedto denoteany
solutionof the instantonequations(6.5) overa compactRiemannianmanifold.

Almost (recenflytheexistenceof non-dualsolutionsoftheYang-Mills equationsover

S4 has been extablished in [S14])all the solutions of the pure Yang-Mills equations
that have beenconstructed to date are in fact solutions of the self-dual or anti-self- dual
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instanton equations. They are also called pseudo-particlesolutions.The first suchso-
lutions,consistingof a 5 parameterfamily of self-dualYang-Mills fields on JR4 , was

constructed by Belavin, Polyakov, Schwartz, Tyupkin [BEll in 1975 and is commonly
referred to as the BPST instanton. Wewill show that the BPSTinstantonsolutions

correspond to the gauge group SU(2) overthebasemanifold S4 and have instanton
numberk = 1. In this case the instantonnumberk is definedby

k := —c
2(P(S

4,SU(2)))[S4],

where c
2 denotesthesecondChemclassof thebundle P and [S

4 I denotesthe funda-
mentalcycle of themanifold 54~The BPSTsolutionwas generalizedto the so-called
multi-instantonsolutionswhich correspondto the self-dualYang-Mills fields with in-

stantonnumberk. A 5k-parameterfamily of solutionswas obtainedby ‘t Hooft (un-

published)anda (5k+4)-parameterfamily wasobtainedby Jackiw,Nohl, Rebbi[JA2],
[JA3], [JA4] in 1977.Otherspecialsolutionsmaybefoundin [BE2], [CH3]. Foragiven

instantonnumberk themaximumnumberof parametersin thecorrespondinginstanton
solution canbei dentifiedwith thedimensionof thespaceof gaugeinequivalentsolu-
tions(themoduli space).For SU(2)-instantonsover ~4, thisdimensionof themoduli

space wascomputed by Atiyah, Hitchin, Singer[AT8]by usingtheAtiyah-Singerindex

theoremandturnsout to be 8 k — 3. Thusfor k = 1 themoduli spacehasdimension5
and the 5-parameter BPSTsolutions correspondto this space.For k> 1, the ‘t Hooft
and Jackiw, Nohl, Rebbi solutions do not give all thepossibleinstantonswith instanton

numberk. An explicit constructionof the full (8k — 3)-parameterfamily of solutions
wasgivenby Atiyah, Drinfeld, Hitchin and Manin [AT6]. An alternativeconstruction

wasgivenby Atiyah and Ward [ATI 1] usingthePenrosecorrespondence.Severalso-
lutions to the Yang-Mills equationson specialmanifolds of various dimensionshave

beenobtainedin [ACI], [BAI], [GR1O],[LA1], [NOl], [SC3], [TRI]. Althoughtheir
physicalsignificanceis notclear,theymayprovetobeuseful inunderstandingthemath-

ematicalaspectsof theYang-Mills equations.

Particlemotionin a Yang-Millsfield

It is well knownthat Hamilton’s equations of motionof a particlein classicalmechan-
ics canbe givena geometricalformulationby usingthephasespaceP of theparticle.

The phasespaceP is, at leastlocally, thecotangentspace TQ of theconfigutration
spaceQ of the particle. Fora geometricalformulation of classicalmechanicsseeR.

Abraham,J. Marsden[bBAI]. It canbe shownthat this formalism canbe extendedto
themotionof a chargedparticlein an electromagneticfield arid leadsto theusualequa-
tions with theLorentz force. Now electromagneticfield is a gaugefield with abclian

gaugegroup U( 1) . Theorbits of contragradientactionof U(1) on thedual of its Lie
algebrau( I) are trivial. Identifying u( 1) and its dual with R, we seethat an orbit
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through e � JR isthepoint e itself. Thus in this case the choice of an orbit is the same

thing as the choice of the unit of charge. This construction can be generalizedto gauge
fields with arbitrary structure group and in particular,to the Yang-Mills fields to obtain
the equations of motion of a particle moving in a Yang-Mills field. A detailed discus-
sion of this is given in V. (Juillemin, S. Stemberg [bGUI]; further references are [M03],
[SHI], [ST2], [WE2].

6.2. Instantons and their moduli spaces

A complete set of solutions of instanton equations on S4 was obtained by using the
methodsof algebraicgeometryand the theoryof complex manifolds. These methods
have also been used in the study of the Yang-Mills equations over Riemannsurfaces.

Since this approach is not discussed here we simply indicate below some references
where this and related topics are developed. They are [AT2], [AT3], [AT5], [ATI1],
[B03}, [BU1], [D08}, [DRI], [DR2], [FR3], [HA5], [MA4], [NA2].

Let M be a compact oriented Riemannianmanifoldof dimension 4. Let P(M, C)
be aprincipal bundle over M with compact semisimple Lie group C as structure group.
A C-instanton (resp. C-anti-instanton)over Al is a self-dual (resp. anti-self-dual)
Yang-Mills field on the principal bundle P. The second Chemclass and the Euler class

of P are equal in this case andwe define the instantonnumberk of a G-instanton by

k := —c
2(P)[Mj = —x(P)[Ml.

Recall that if F = F~ is thecurvatureform of a gaugeconnectionw , then we have

k := —c2(P)[M] = _-~_~TI Tr(FAF).
8x JM

DecomposingF into its self-dual part F.4. and anti-self-dualpart F_, we get

k= ~ (IIF+11
2 — hF_Il2).

Using F~and F_ we can rewrite (6.1) as follows:

AyM(w) = 8lr2fM + IF_Il2).

Comparing the above two equations we see that the Yang-Mills action is bounded below
by the instanton number k , i.e.

AyM(w) � k, Vw � A(P)
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andtheconnectionssatisfyingthe instantonor theanti-instantonequationsare the ab-

soluteminima of the action. Thus for a self-dual(F = F~) Yang-Mills field, i.e. a
self-dualC-instanton,we have

AYM = 8lr2fM = k.

In the restof this sectionwe restrictourselvesto consideringself-dual instantons.
The configurationspaceof theseinstantonsis denotedby C~(P)andis definedby

C~(P):={w�AIF~~,=*F~},

where A is the spaceof gaugeconnections.Thegroup Q of gaugetransformations

actson C~(F) andthe quotientspaceunderthis actionis calledthe modulispaceof
k-instantons, i.e. of self-dualinstantonswith instantonnumber k. It is denotedby

Mk(M,C). Thus wehave

)vtk(Al,C) := C~(P(M,C))/c.

Wenow briefly indicate how the dimension of the moduli space Jvtk(Al, C) can
be computedby applying the Atiyah-Singer indextheorem. The fundamentalelliptic

complex comes from a modification of the generalized de Rhamsequence. Foravector
bundle E over Al associatedto theprincipal bundle P( Al, C), the generalizedde
Rhamsequencecanbewritten asfollows:

0 _*A0(Al,E)~A1(M,E)~A2(Al,E)~...,

where A~(M,E) F(A9(TAl) ® E) . On the oriented Riemannian 4-manifold Al
the space AP(T*Al) splitsundertheactionof theHodge * operator into a direct sum

of self-dual and anti-self-dual 2-forms. This splitting extends to A 2( Al, E) sothat

A2(Al,E) = A÷2(M,E)$A2(M,E),

where A.~( Al, E) (resp. A2 ( Al, E) ) is the spaceof self-dual(resp. anti-self-dual)
2-formswith valuesin thevectorbundle E. Let

p~:A2(Al,E)—~A~(M,E)

be thecanonicalprojectionsanddefine

d~:Al(M,E)_4A~(Al,E)bycl~:=p_odw.
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Then we have

0 ~A0(M,E)~AI(M,E)~ A2(M,E) s...,

(6.6) I~-
A2(M,E)

For a self-dual gauge connection w,

(6.7) ~od~=c2~0.

Usingequation(6.7) and thediagram(6.6) weobtain thefundamentalelliptic com-
plex

0 ~

For E = ad(P) = 7i = P x
0,~g, we define the twistedDirac operator

V : A
1(M,E) —A°(Al,E) ~A.~(M,E) by ~

where &~‘ is theformal adjoint of d~’.It can be shown that the twisted Dirac opera-
tor V is elliptic and that its index Ind(V) equals the dimension of the moduli space

.Mk( Al, C). This index canbe computed by using the Atiyah-Singer index theorem
and leadsto thefollowing result

dim /vtk(Al,C) = Ind(V) =

(6.8) = 2ch(Px~g~)[M]—

— ~-dimG(~(M) —sigr~M)),

where ch is the Cherncharacter, g~= g ® (t isthecomplexificationoftheLie algebra

g, x(M) is theEulercharacteristicof M and .sign(Al) is the Hirzebruchsignature
of Al. If M = S4 then ~(M) = 2 and sign(M) = 0 ,thus the formula (6.8)

reduces to

(6.9) dim Mk(54,C) = 2ch(PXad g~)[S4] — dim C.

Weapply this formula to some standard non-abelian gauge groups.

(1) C = SU(n), n� 2 . Then dim C = — I and ch(P XQd g~)[S4] = 2nk,
where k = —c

2(P) is the instantonnumber. Thus(6.9) becomes

(6.10) dimMt(5
4,SU(n))=4nk_n2+l
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Applying the formula (6.10) to the particular case of C = SU( 2) weobtain

dimMk(54,SU(2)) = 8k—3.

For instantonnumber k = 1, we get

dim ~M
1(S

4,SU(2)) = 5,

correspondingto theBPSTfamily of solutions. In the next section we give an explicit
geometricconstructionof theBPSTinstantonsand indicatebriefly theconstructionof
the ( 8k — 3 )-parameterfamily of instantonswith instanton number k.

(2) G = Spin(n) , n > 3, where Spin(n) is the universalcoveringgroupof

SO(n) . Then dim C = n(n— 1)/2 and ch(P X

0d g11)[S
4] = 2(n— 2)k, where

k = —c
2( P) is the instantonnumber. Thus(6.9) becomes

(6.11) dimM~(S
4,Spin(n))=4(n—2)k—n(n—1)/2, k > n/2.

For small values of n someof thegaugegroupsarelocally isomorphic.Forexample

Spiri(6) is locally isomorphicto SU(4). Thus (6.10) and (6.11) leadto the same
dimensionfor the moduli spacein this case.

(3)C—Sp(n).ThendimC=n(2n+1) andch(Px
3~g~)[S

4]=2(n+l)k,
where k = — c

2( P) is the instanton number. Thus

dimM~(S
4,Sp(n))=4(n+l)k—n(2n.s-l),k�n/4.

6.3. BPST instantons

It canbe shownthat theBPSTinstantonsolutionoverthe basemanifold JR4 canbe

extendedto theconformalcompactificationof R4 , i.e. 54~This extensionis charac-
terizedby a self-dualconnectionin anon-trivial SU(2)-bundle over S4 . Thisbundle

is thequaternionicHopf fiberingof H2 overHP1 , where WI is the spaceof quater-
nionsand HP’ is thequatemionicprojectivespaceof lines throughtheorigin in the

quaternionicplane 1H2. We identify H with JR4 by themap 11-1 —+ R4 given by

x=x
0+ix1+5x2+kx3 e—~(x0,x1,z2,x3).

Then JR
2 is isomorphicto JR8 and eachquatemionicline intersectsthe7-sphere

c ~ 2 in S3. On theotherhandthebaseI-IF1 canbe identifiedwith S4 . Thus
thequaternionicHopffiberingleadsto the bundle

s7
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The fiber ~3 can be identified with the group SU(2) of unit quatemionsand its

actionon JR2 by multiplication restricts to S7 making it a principal SU(2) -bundle

over S4 . Thisfollows from theobservationthat c~� SU(2) and (x, ii) � C
imply that (c~z,a~y)� ~ This principalbundle is clearly non-trivial andadmits a

canonicalconnectionw
1 (alsocalledtheuniversalconnection)whosecurvatureL1, is

self-dualandhencesatisfiestheYang-Mills equations.It correspondsto aBPSTinstan-
tonof instantonnumber1. TheentireBPSTfamily of instantonscanbegeneratedfrom
thissolutionasfollows. ThegroupSO(5,1) actson S

4 by conformaltransformations

and this actioninducesan actionon . If g � SO(5,1) , thenwedenotetheinduced
actionon w

1 alsoby g. Then gw1 is also an SU(2)-connectionover ~4 andit has

self-dualcurvature. SincetheYang-Mills action is conformallyinvariant, the solution
generatedby 9w1 alsohas instantonnumber1. The connection9w1 is gaugeequiva-

lent to w1 (andhencedeterminesthe samepoint in themoduli space)if andonly if g
is an isometryof ~4 ,i.e. if and only if g � SO(S) c SO(5,l) . Thusthespaceof
gaugeinequivalent,self-dual, k = 1, SU(2)-connectionson S

4 , or themoduli space

.M
1(S

4,SU(2)),is given by

M
1(S

4,SU(2))= SO(5,l)/(SO(5)).

We notethat thequotientspaceSO(5,1)/(SO(5)) canbe identifiedwith thehy-

perbolic5-spaceH
5 . Wenow give an explicit local formulationof theBPSTfamily.

Considerthechartdefinedby themap 11e5

— {e5} —, R
4,

where is obtainedby projectingfrom e
5 = (0,0,0,0, 1) E R

5 onto the tangent
hyperplane to S4 at —e

5 . Thischartgives conformalcoordinateson ~ Identifying

R
4 with 1K , the metriccanbewritten as

ds2 =41dz121(1+ x12),

where 1x12 = ‘~ IdzI2 = dzd~.Identifying theLie algebra au(2) asthesetof pure
imaginaryquaternions,wecanwrite downthegaugepotential A~1) , correspondingto

theuniversalconnectionw
1 , as follows:

A”)1m(_xd~
~l+ fz12

It is possibleto giveasimilarexpressionfor thepotentialin thechartobtainedby pro-
jecting from —e5 and to show that theseexpressionsare compatibleunderchangeof
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chartand hencedefinea global connectionwith correspondingYang-Mills field. How-
ever, we apply the removablesingularitiestheoremof Uhlenbeck[UH1] to guarantee
theextensionof the local connectionto all of S4.This procedureis alsousefulin the

generalconstructionof multi-instantonswhere thereis a finite numberof removable

singularities.TheYang-Mills field F~~ correspondingto thegaugepotential A~1) is
givenby

dxAd~
(I + 1z12)2

Usingtheformula

22m4~ m
vol(S

2m)= ir m.
(2m).

andcalculatingtheEuclideannorm F~1)1 I~= 3 we canevaluatethe Yang-Mills
action

AYM = ~2f4 IhF~II~~= 3 .vo1(54)/(8T2)= 1.

On the otherhand AYM = k for a self-dualinstantonwith instantonnumber k.
Thusweseethat theabovesolutioncorrespondsto k = 1 . Wenow applytheconformal

dilatation

f~: —~ JR~definedby z ~ x/)~, 0 <)~< I

to obtain inducedconnectionsA~’~= f~A~1) and the correspondingYang-Mills fields

~ = f~F~1) , Becauseof conformalinvarianceof theaction AYM , the fields F~’~
havethesameinstantonnumber k = I . Thelocal expressionsfor ~ and ~ are

givenby

A~=Im(__xd~2~’

\~2+ ~ )

and

F~— )~2dxAd±
— (~2+ 1112)2

If we write the aboveexpressionsin termsof thequaternioniccomponents,we re-
covertheformulasfor theBPSTinstanton.Theconnectionscorrespondingto different
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)~are gauge-inequivalent,since 11F112 is a gaugeinvariantfunction. Moreoverchoos-

ing an arbitrary point q � S4 and consideringthe chartobtainedprojectingfrom this
point, weobtain gaugeinequivalentconnectionsfor differentchoicesof q. In factwe
havea S-parameterfamily of instantonsparametrizedby (q, )~)where q � g4 and

)~E (0, 1) and (q
1, ~~)and (q2,~2) give gauge-equivalentconnectionsif q1 = q2

and )~= ~ It iscustomaryto call q thecenterof theinstantonand )~its size.The
map

(q,)~)~—(l —)~)q

from S
4 x (0, 1) into JR5 is anisomorphismontothepuncturedopenball B5 — {0 }.

The universalconnectionA~1~correspondsto the origin. Thus the moduli spaceof

gauge-inequivalentinstantonsis identified with the open unit ball B5 , which is the
Poincaré model of the hyperbolic S-space H

5 . Theconnectioncorrespondingto (q, )~)

as )~—~ 0 canbe identified with a boundarypointof the openball B
5 . This realizes

S4 asthe boundaryof theball B5 . Thus our basespaceappearsas the boundaryof
themoduli space.This is oneof thekeyideasofDonaldsonin hiswork on thetopology

of themoduli spaceof instantons[D03]. Themoduli spaceof thefundamentalBPST
instantonsor self-dualSU(2) Yang-Mills fields with instantonnumberI overtheEu-

clidean4-sphereS4 , is denotedby )vt~.It canbeshown[AT8] that theactionof the
group SO(S, I) of conformaldiffeomorphismsof ~4 inducesa transitive actionof

S0(5,1) onthemodulispaceM1 with isotropygroup SO(S). Thus M~isdiffeo-
morphicto the homogeneoushyperbolicS-spaceSO(5, 1)/SO(S) . In particular, the

topologyof M~ is the sameas that of JR5 . A moregeneralresult of Donaldson(see
e.g. [D03], D.S. Freed,K.K. Uhlenbeck[bFRl], H.B. Lawson,Jr. [bLA2]) showsthat

any 1-connected4-manifold Al withpositive-definiteintersectionform,canberealized
as a boundaryof a suitablemoduli space.The instantonsolutionswith instantonnum-
ber 1 canbe usedto constructinstantonswith instantonnumber k. Thesesolutionsare

sometimesreferredto as k-instantonsor multi-instantons.Thefirst suchsolutionswere
obtainedby physicistsusing a non-linearanalogof the superpositionprinciple applied

to k suitablyplaced 1-instantons.A 5k-parameterfamily of solutions of instanton
equationswith instantonnumber k was obtainedby ‘t Hooft by a methodwhich may
be describedroughlyasthesuperspositionof k non-interactinginstantonsof instanton
numberI. Thustheparameter)~is replacedby a vector )~= , . . . , )~)� JRk and

q � JR4 = Ill is replacedby a vector q = (q

1,.. . ,q~)E 11k Jackiw,Nohi, Rebbi
obtaineda (5k+ 4)-parameterfamily, k > 2 , by a slightlydifferentmethod.Instead

of describingthesesolutionswe will describebriefly theconstructionof themostgen-
eral (8k — 3)-parameterfamily of solutionsdueto Atiyali [bATl]. It turnsoutthat the
generalsolution is obtainedby startingwith a vector ~ = ()~,... , A~)� H~and a

k x k symmetricmatrix B over LI satisfyingthefollowing conditions
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(i) (B~B + )~t)~)is a realmatrix (t is thequatemionicconjugatetranspose),

(ii) rank (B_~xI)= k, Vz E II

Thelocal expressionfor thegaugepotential ~ determinedby thepair ~.,B)

)~�1H’~,BEHkXk isgivenby

~ = f*(A(u)) where u = (u,,... ,Uk) �

and f:H ~
1Kk isdefinedby

f(1)=[)~(B_zIyi]t, Vz�11

and A(u) is the SU(2)-gaugepotentialon thespaceH~given by

A(u)=Im( udu~
\l+ uI

The gauge field F~,’
9~correspondingto thegaugepotential ~ contains a fi-

nite numberof removablesingularitiesandhence,by applyingUhienbeck’stheoremon
removablesingularities,the solution canbeextendedsmoothlyto S4. The potentials

determinedby ~, B) and ~ B’) are gaugeequivalentif thereexists c~E SU(2)

and T�O(k) suchthat

= c~XT and B’ = T’BT.

WemaycarryOut anaivecountingof freerealparametersasfollows. Thepair ()~,B)

gives

(6.12) 4k+4(~k(k+l))=2k2+6k

realparameters.Therealitycondition(i) above,involves 3 k( k — 1) /2 parameters.The

condition(ii) on the rank doesnotrestrictthe numberof parameters.Thegaugeequiv-
alencefurther reducesthenumberof parametersin (6.12) by 3 (by the SU(2)-action)
and by k(k — l)/2 (by the 0(k)-action).Thus wehavethe following countfor free

realparameters.

2k2 + 6k — 3k(k — 1)/2 —3 — k(k — l)/2 = 8k —3.

It canbe shown that this family of (8 k — 3)-parametersolutionsexhaustsall the

possiblesolutionsup to gaugeequivalence.Thus the spaceof thesesolutions may be
identified as themoduli spaceMk(S4,SU(2)) of k-instantons(i.e. instantonswith
instantonnumberk) over . In thetheorembelowwe give an alternativecharacteri-

zationof this moduli space.



THE GEOMETRY OF GAUGEFIELD 85

THEOREM6.2. Let k bea positiveinteger. Write

B(q) = A
1q1 + A2q2,

where,

~

Definethemanifold Al andLiegmupC by

M={(A1,A2) B(q)tB(q) �CL(k,R),Vq~0},

C=(Sp(k+ 1) xCL(k,R))/Z2.

ThenM ~ 0, C actsfreelyandproperlyon Al bytheaction

(a,b) •(A1,A2) := (aA1b’,aA2b~),

andthequotientspaceAl/C is a manifoldofdimension8 k — 3 whichisisomorphic
to themodulispace)vlk( S

4,SU(2)) of instantons of instantonnumber k.

6.4. Geometryof the Yang-Mills moduli space

Study of the differential geometricand topologicalaspectsof themoduli spaceof
Yang-Mills instantonson afourdimensionalmanifoldwasinitiatedby Donaldson[D04].
Building on theanalyticalworkof Taubes[TA4], [TA5], [TA6], andUhlenbeck [UH1],

[UH2], [UH3] Donaldsonstudiedthespace.M~(Al),whereAl is a compact,simply

connected,differential 4-manifoldwith positivedefinite intersectionform. Heshowed
that for such Al the intersectionform is equivalentto theunit matrix. Freedmanhad
provedaclassificationtheoremfor topological4-manifolds[FR1] which showsthatev-

erypositivedefiniteform occursas the intersectionform of a topologicalmanifold. A
spectacularapplicationof this classificationtheoremis hisproofof the4-dimensional
Poincaréconjecture. Donaldson’sresult showedthe profounddifferencein the differ-

entiableandtopologicalcasesin dimension4 in strikingcontrastto the known results
in dimensionsgreaterthan 4. In particular,theseresultsimply the existenceof exotic

4-spaceswhich are homeomorphicbutnot diffeomorphicto the standardEuclidean4-
space R4. Soonmany examplesof suchexotic JR4 ‘s were found [GO3], [G04]. A
recentresultof Taubesgives anuncountablefamily of exotic JR4 ‘s and yet this list of

examplesis not exhaustive. Using instantonsas a powerful new tool Donaldsonhas
openedup a new areaof what may be called gaugetheoreticmathematics(see[B08],
[B09], [D02]-[DOll], [Fill, [FLI], [NAIl, [STI], [TA6]).
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In the Feynmanpath integralapproachto quantum field theory, one is interestedin
integratinga suitablefunctionof the classicalactionoverthespaceof all gaugeinequiv-

alent fields. In addition, oneassumesthat onecanmake an <<analytic continuation>>
from theLorentzmanifold to a Riemannianmanifold, carryout theintegrationandthen

transferthe results backto the physically relevantspace-timemanifold. Althoughthe
mathematicalaspectsof this programarc far from clear,it hasservedasa motivation for

thestudyof EuclideanYang-Mills fields i.e. fields over a Riemannianbasemanifold.
Thusfor thequantizationof Yang-Mills field, thespaceoverwhichtheFeynmanintegral

isto be evaluatedturnsout to bethe Yang-Mills moduli space.Evaluationof suchinte-
gralsrequiresa detailedknowledgeof thegeometryof themoduli space.Wehavevery

little information on the geometryof the generalYang-Mills moduli space. However,
weknow that the dominantcontributionto the Feynmanintegral comesfrom solutions

which absolutelyminimizetheYang-Mills action,i.e from the instantonsolutions.If 3)
denotesthe Yang-Mills moduli space,then 3) = U3)k, where 3)k is themoduli space

of fields with instantonnumber(the first Pontryaginclass) k. Themoduli spaceM~
of self-dualYang-Mills fields or instantonsof instantonnumberk is a subspaceof 3)k’

Thusonehopesto obtainsomeinformationby integratingoverthespaceJvj~. Recently

severalauthors([GR8], [GR9], [DOI]) haveundertakenthestudyof thegeometryof the
spaceJvt~andwenowhavedetailedresultsabouttheRicniannianmetric,volumeform
and curvatureof the mostbasic moduli space Jvt~. We give below a briefdiscussion

of theseresults.

Let (M, g) be a compact,oriented,Riemannian4-manifold. Let P( Al, C) be a
principal G-bundle,where C hasa bi-invariantmetric h. Themetrics g and h in-

ducethemnnerproducts( , ~ onthespacesA’~(M,adP)of k-forms withvalucs

in the vectorbundle adP. Wecanusetheseinnerproductsto defineaRiemannianmet-
ric on thespaceof gaugeconnectionsA(P) as follows. Recallthat the spaceA( P)

is an affine space,so that for each w ~ A( P) we havethe canonicalidentification
betweenthetangentspace T~.4(P)and A ‘(M,ad P) . Usingthis identification we
cantransferthe inner product ( ‘ ~ on A ‘(Al, ad P) to T~A(P) . Integrating

this pointwiseinnerproductagainstthe Riemannianvolume form weobtain an L2 in-
nerproducton thespace A(P) . This innerproductis invariantundertheactionof the
group ~ on A and hencewe get an innerproducton the moduli spaceA/c. Recall

that ~ doesnot actfreely on A , but ~/Z( ~) actsfreely on theopendensesubsetAs,.

of irreducibleconnections.After suitableSobolevcompletionsof all the releventspaces,
the moduli spaceO~= A~/~of irreducibleconnectionscanbegiventhestructureof
aHilbertmanifold. The L2 metricon A restrictedto 4,~inducesa weakRiemannian

metric on O~by requiring thecanonicalprojection ~ 0,,. to be a Riemannian
submersion.Thespace‘k of irreducibleinstantonsof instantonnumber k = —c

2(P)
is definedby ‘k = M~ fl 0,,., where M~ is themoduli spaceof all instantonsof
instantonnumberk. The space

1k is a finite dimensionalmanifold with singularities



THE GEOMEtRYOF GAUGE FIELD 87

and theweakRiemannianmetricon C),,. restrictsto a Riemannian metric on
The spaceI~ wasstudiedby Donaldson[D03] in the casewhen Al is a simply

connectedmanifold with positivedefiniteintersectionform and when the gauge group

C = SU( 2) . Heprovedthat thereexistsacompactset K � I~suchthat I~— K is a
union of a finitenumberof components,oneof which is diffeomorphicto Al x (0, 1)
andall theothersarediffeomorphicto (t P2 x (0, 1) . UsingtheRiemanniangeometry
of I, discussed abovewecanput this result in its geometricperspectiveasfollows.

THEOREM 6.3. Let Al bea simplyconnectedmanifoldwith positivedefiniteintersec-
tion formandIctthegaugegroup C= SU(2). Then

i) ~ isan incompletemanifoldwith finite diameterand volume.
ii) LetI~ be themetric completionof I,. ThenI~.— I~ is thedisjointunionof

a finite set ofpo ints {p,} and a set X diffeomorphicto Al. Thereexistsan c >
0 suchthat Al x [0, �) is diffeomorphicto a neighborhoodof X in I~ with the

pullbackmetricasymptoticto a productmetricandfor eachp
1 thereisa neighborhood

diffeomorphicto (1 P
2 x (0,c) with thepullbackmetricasymptoticto a conemetric

withbase(EP2. .

See[GR8], [GR9]for a proofand furtherdetails.
In general, the L2 metric on a moduli spacecannotbe calculatedexplicitly, since

it dependson global analyticdataabout Al. However,for the fundamentalBPSTin-
stantonmoduli spaceI~, the metric and thecurvaturehaverecentlybeencomputed by

several people (see, for example, [Doll, [GR8], [HAl], [IT3J). Wehavethe following

theorem.

THEOREM6.4. Thereexistsa diffeomorphism~ : JR5 ~-+ I~ for which thepullback

metrichastheform

= i,b2(r)g,

where 9t is the L2 metricon I~and g is thestandardEuclideanmetricon JR5 , and

~ is a smoothfunctionofthedistancer.

Theexplicit formulafor the function ~ isquite complicatedand is given in [GR8].
The moduli spaceof Yang-Mills connectionson variousbasemanifoldshasrecently

beenstudiedin [ITI 1’ [1T2],[1T3],[GR7], [GR8],[GR9].Wenow statetheresulton the
curvatureof themoduli spaceM

1,. of irreducibleinstantonson anarbitraryRiemannian
manifold withcompactgaugegroup.Thecalculationofthiscurvatureisbasedonagen-

eralizationof O’Neill’s formula [ONI] for thecurvatureof a Riemanniansubmersion.
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THEOREM 6.5. Let X,Y � T,,A be thehorizantallifts oftangent vectorsX1 , Y1 �

T[~,]Mjr~ where[cr] istheequivalenceclassofgaugeconnectionsthataregaugeequiv-
alent to a~.Thenthesectionalcurvature R of fl1,. at [cr] isgivenby

(R(X1,Y1)Y1,X1) = 3( b~(Y),C°~(b~(Y)))+

+ (b~(X),C~(b~(Y)))—

— ( b~(Y),G~(b~(Y)))

where6 is bracketingon bundlevaluedforms, 6* its adjoint and b— is b followed

byorthogonalprojection onto A
2 ( M, ad P) and C’ are the Greenoperatorsof the

correspondingLaplacianson bundlevaluedforms.

7. YANG-MILLS..HIGGS FIELDS

7.1. Yang-Mills-Higgs fields

Let (Al, g) be a compactRiemannianmanifold and P( Al, C) a principalbundle

with compactsemi-simplegaugegroup C. Let h denotea fixedbi-invariantmetricon

C. Themetrics g and h induceinnerproductsandnormsonvariousbundlesassociated
to P and their sections.Wedenoteall thesedifferentnormsby the samesymbol,since

theparticularnorm usedis clearfrom the context.The Yang-Mills-Higgsconfiguration
spaceis definedby

C:=A(P) xT(adP).

i.e.

C := {(w,q~)� A’(P,g) x A°(M,adP)}

wherew is agaugeconnectionand ~ is a sectionof the Higgsbundle ad P.

A Yang-Mills-Higgsaction with self-interactionpotentialV JR~ .~ JR~ is defined

on theconfigurationspaceC by

(7.1) A
5(w,~) = c(M) f[ IIFJI

2 + Cl l~II2+ c
2V(Il~II

2)]

where c(M) is a normalizingconstantthat dependson thedimensionof M (c( Al) =

for a four dimensionalmanifold) and c~, c
2 are the couplingconstants.Thecon-

stant c1 measurestherelativestrengthsof thegaugefIeld andthegaugefield-Higgsfield
interaction. When c1 ~ 0 , the constantc2 /c1 measuresthe relativestrengthsof the
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Higgs field self-interaction and the gauge field-Higgs field interaction. A Yang-Mills-

Higgssystemwith self-interactionpotential V is definedasa criticalpoint (w, çb) � C
of the action A5. The corresponding Euler-Lagrange equations are

(7.2a)

(7.2b) 6”d”~+ c2V’(II~II
2)~0,

where V’( x) = dV/dx. Equations(7.2) arecalledtheYang-Mills-Higgsfieldequations
with sell-interactionpotential V. In thephysicsliteratureit is customaryto definethe

current J by

(7.3a) J=—c,[cb,d”cb].

Usingthis definitionof the currentwecan rewrite equation(7.la)as follows:

(7.3b) *5WF = J.

Note that in these equations 6” is the formal L2 -adjoint of the correspondingmap
ct’. Thusin(7.2a) 6” isamap

6”~:A2(Al,adP)—*A’(M,adP)

and in (7.2b) B” is a map

5w:Al(AladP)_,AO(MadP)=F(adP)

The pair (w,~) also satisfies the following Bianchi identities

(7.4a)

(7.4b)

Notethat theseidentitiesarealwayssatisfiedwhetherornot equations(7.1) are sat-

isfied.
Wenote that no solution in closed form of the Yang-Mills-Higgs equations with self-

interaction potential is known for c
2 > 0, but existence of spherically symmetric so-

lutions is known. Also existenceof solutionsfor the systemis knownin dimensions2
and 3. It can be shownthat the solutionsof equations(7.2) on R” satisfy the following
relationA. Jaffe,C. Taubes [bJAl].

(n—4)IIF~II
2+ (n— 2)ciIId”’~II2+ nc

2IIV(II~II
2)II= 0.

From this relation it follows thatfor c
1 ~ 0, ~2 � ~ there areno nontrivialsolutions

for n> 4 and for n = 4 every solutiondecouples(i.e. is equivalentto apureYang-
Mills solution.) For theYang-Mills-Higgs systemon R

3 with c
1 = 1 and c2 � 0 we

have the following result [GR5].
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THEOREM7.1.Let V(t) = (I — t)2(l + at), a ~ 0 . Thenfor c
2 sufficientlysmall,

thereexistsa positiveaction solutionto equations(7.2) whichis notgaugeequivalent
to a sphericallysymmetricsolution. Furthermore,for c~2 smallerstill, thereexistsa

solution whichhastheabovepropertiesandis, in addition,nota local minimumofthe

action.

Writing c~1= 1 and c2 = 0 in (6.13) we gettheusualYang-Mills-Higgs action

(7.5) AyMg(w,~) = c(Al)f[HF~II2 + Il~I2l.

ThecorrespondingYang-Mills-Higgsequationsare

(7.6a) 6”’F~+ [q5,d~q5] 0,

(7.6b)

7.2. Dimensionalreduction

At leastlocally theYang-Mills-Higgsequations(7.6) maybe thoughtof asobtained

by dimensionalreductionfrom thepureYang-Mills equations.To see this considera
Yang-Mills connectionc~on the trivial principal bundle R~+Ix G over R~’

1 and

let

A~dz’+ Am+idXm+l, I <i < m

bethegaugepotential on JR~with valuesin g. Supposethat this potentialdoesnot

dependon . Define ~ := Am+i ,then q~i canbe regardedas a Higgspotential on
JRtm with valuesin g and

A=A
1dz’, l<i<m

canbe regardedas the gaugepotential on JRtm with valuesin g. Let w denotethe

gaugeconnectionon Rm x C correspondingto A. Thenwehave

(F~)~1= (F,~,)1)-, (F,~)2m-I-l = (d”~ç6)11 < 1,3 < m

andthepureYang-Mills actionof F~on JRm+t reducestotheYang-Mills-Riggsaction

(7.5). It is easyto seethat this reductionis a consequenceof the translationinvariance
of thepureYang-Mills systemin the zm+l~direction.In general,supposethat T is a
Lie group which actson P( Al, C) as a subgroupof Di! fM( P) with inducedaction
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on Al. We saythat T is a symmetrygroupoftheconnection w on P or that w is a

T-invariant connectionon P if the following conditionis satisfied.

LAW = 0, VA � t,

where A is the fundamentalvectorfield correspondingto the elementA in the Lie
algebra t of T. Undercertainconditions PIT is aprincipal bundleoverMIT and
a systemof equationson theoriginal bundlecanbereducedto a coupledsystemonthe
reducedbase. Reductionof suchsystemsis discussedin [F03], [HA2], [HA3]. Fora

particularclassof self interactionpotentialssuchreductionandthe consequentsymme-

try breakingare responsiblefor the Higgs mechanism[HI2]. Fora geometricformu-
lation symmetrybreakingand Higgs mechanismsee[FUll, [KEI]. For a geometrical

descriptionof dimensionalreductionand its relation to the Kaluza-Kleintheories,see
[COl], [JA5] andthe forthcomingbook by R. CoquereauxandA. Jadczyk[bCOl]. For
a relationwith symplecticreductionsee[SH1].

7.3. Monopoles

Finite actionsolutionsof equations(7.1) are calledsolitons.Locally thesesolutions

correspondto time-independentfinite energy solutionson JR x Al. The Yang-Mills
instantonsdiscussedearlieraresolitonsolutionsof equations(7.1) correspondingto ~ =

0, c2 = 0 . The soliton solutionson a 2-dimensionalbaseare known as vorticesand

thoseon a 3-dimensionalbaseare known asmonopoles.Vorticesand monopoleshave
manypropertiesthat arequalitativelysimilar to thoseof theYang-Mills instantons.

When Al is threedimensional,wecanAssociateto the Yang-Mills-Higgsequations

the first order Bogomolnyiequations[BOl I

(7.7) FW=±*d~.

Equation (7.7) is also referred to as the monopoleequation.The Bianchi identities

(6.15) imply thateachsolution (w, q~)of theBogomolnyi equations(6.18)is asolution
of the second order Yang-Mills-Riggs equations. In fact such solutions of the Yang-
Mills-Higgs equations are global minima on each connected component of the Yang-

Mills-Higgs monopoleconfigurationspaceC~definedby

C~= {(w,c6) � C A5(w,çb)<oo, urn sup 1 — = 0).
~

Locally the Bogomolnyi equationsareobtainedby applyingthereductionprocedure
of section 7.2 to the instanton or anti-instanton equations on JR

4 . No such first order

equationscorrespondingto the Yang-Mills-Higgsequationswith self-interactionpoten-
tial are known. In particular,a classof solutionsof theBogomolnyi equationson R3
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has beenstudiedextensively.Theyare themostextensivelystudiedspecialclassof the

Yang-Mills monopole solutions. If the gauge groupis a compact simple Lie group, then
everysolution (w,~) oftheBogomolnyi equationssatisfyingcertainasymptoticcondi-

tionsdefinesa gaugeinvariantsetof integers. These integers aretopological invariants
correspondingto elementsof the secondhomotopygroup ~ ( C/f) , where J is acer-

tainsubgroupof C obtainedby fixing the boundaryconditions.In thesimplestexample
whenthegaugegroupC= SU(2) and f U(1) ~r2(C/J) ~ir2(S

2) ~ Z ,there

is only oneinteger N(w,~) � Z which classifiesthemonopolesolutions. It is called

the monopolenumberor the topologicalchargeand is definedby

(7.8) N(w,~)= ~_Jd~AF,

where we have written F for FW. It canbeshownthat, with suitabledecayof j/j~in

R3 , N(w,~) is an integerandwe have

N(w,~)= -~- f cf~qSAF=lim —i— f(&F)=

4irj

= deg{~/~II: S,.2 —‘ SU(2)},

where ( , ) is the innerproductin theLie algebra.In fact, D. Groisser ([GR5], [GR6])
hasprovedthat in classicalSU(2) Yang-Mills-Higgs theories on JR3 with a Higgs
field in theadjoint representation,an integer-valuedmonopolenumberis canonically
definedfor any finite action smoothconfigurationand that the monopoleconfiguration
spaceessentiallyhasthe homotopytype of Alaps(S2,S2)(regardedas mapsfrom
thesphereat infinity to the spherein theLie algebra su(2) ) with infinitely manypath

components,labeledby themonopolenumber.
TheYang-MillsequationsandtheYang-Mills-Higgsequationsshareseveralcommon

features.As we notedabovelocally, the Yang-Mills-Higgsequationsare obtainedby a

dimensionalreductionof thepureYang-Mills equations.Both equationshavesolutions
which are classifiedby topologicalinvariants.Forexample,the G-instantonsolutions

over S4 are classifiedby R
3(C) . For simple Lie groups C this classificationgoes

by the integerdefinedby the Pontryaginindex or the instantonnumber, whereasthe
monopolesolutions over R

3 are classifiedby ir
2(G/J) . The first orderinstanton

equationscorrespondto the first orderBogomolnyi equationsand both havesolution
spacesthatareparametrizedby manifoldswith singularitiesor moduli spaces.However,
thereareimportantglobal differencesin the solutionsof the two systemswhich arise

dueto different boundaryconditions. For example,no translationinvariantnon-trivial
connectionover can extendto ~4 . Extendingthe analytical foundationslaid in
[SEll, [UHI], [UH3I Taubesprovedthe following theoremin [TA2], [TA3].
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Theorem7.2. Thereexistsa solution to the SU(2) Yang-Mils-Higgsequationswhich

isnota solutionto theBogomolnyiequations. .

The corresponding problem regarding the relation of the solutions of the full Yang-

Mills equations and those of the instanton equations hasrecentlybeensolved in [S14J
wherethe existenceof non-instantonsolutionsto pureYang-Mills equationsover S4

has been extablished. The basicreferencesfor materialin this sectionareH.F. Atiyah,
N.J. Hitchin [bAT2],A. Jaffe,C. Taubes[bJAI]. For furtherdevelopmentssee[GA4],

[GR5], [Hill, [HOl], [D07], [TAll.

7.4. Quantization

Quantizationof classicalfields isanarea of fundamentalimportance in modemmath-
ematicalphysics.Althoughthereis no satisfactorymathematicaltheoryofquantization,

physicistshavedevelopedseveralmethodsofquantizationthatcanbeappliedto specific
problems.MostsuccessfulamongtheseisQED(QuantumElectrodynamics),thetheory

of quantization of electromagneticfields. Thephysicalsignificanceof electromagnetic
fields is thuswell understood at both theclassicaland the quantumlevel. Electromag-
netic theory is theprototype of classicalgaugetheories. It is therefore,naturalto try

to extendthemethodsof QED to the quantizationof gaugetheories. We shall restrict
our attentionto theFeynmanpath integralmethodof quantization.Application of this
method togetherwith perturbativecalculationshaveyieldedsomeinterestingresultsin

thequantizationof gaugetheories.Thestartingpointof thismethodis thechoiceofaLa-
grangiandefinedontheconfigurationspaceof classicalgaugefields. ThisLagrangianis

usedto definethe action functional that enters in theintegrandof theFeynmanpathinte-
gral. Forexample,theYang-Mills actionis givenby equation(6.1) andtheYang-Mills-

Higgs actionis givenby equation(7.5). Dimensionalreductionallows usto think of a
Yang-Mills-Higgs field as a Yang-Mills field on a higher dimensionalmanifold which
is invariant under a certain symmetry group. Thus we may restrict our attention to the
Yang-Mills case. In this casethe Feynmanpath integral is given by thefollowing ex-

pression.

I e~~~M~,F(w)PW,A( P)

where .F(w) is a gaugeinvariantfunctional on theconfigurationspaceA(P) , and

PW is a suitablydefinedmeasureon A(P). This integral is divergentdueto the in-
finite contributioncoming from gaugeequivalentfields. Oneway to avoid this diffi-

culty is to observethat the integrandis gaugeinvariantand hencedescendsto theorbit

space 0 = A( P) /~andto integrateover this orbit space 0. However,the math-
ematicalstructureof this spaceis essentiallyunknownat this time. Physicistshave



94 KB. MARATHE, 0. MARTUCCI

attemptedto get aroundthis difficulty by choosinga section s : 0 —, A and inte-
grating over its image s(0) with a suitableweight factor suchas the Fadeev-Popov

determinant,which maybe thoughtof as the Jacobianof the changeof variablesef-
fectedby P

1s(Q) : s(0) .—~ (3. As we haveseenin section 5.2 , this gaugefixing

proceduredoesnotwork in general,due to thepresenceof the Gribov ambiguity. Also
theFadeev-Popovdeterminantis infinite dimensionaland needsto beregularized.This
is usuallydoneby introducingtheanticommutingGrassmannvariablescalledtheghost

and antighostfields. TheLagrangianin the actionterm is thenreplacedby a newLa-
grangiancontainingtheseghostandantighostfields. This new Lagrangianis calledthe

effectiveLagrangian.TheeffectiveLagrangianis notgaugeinvariant,but it is invariant

undera specialgroupof transformationsinvolving theghostand antighostfields. These
transformationsarecalledthe BRST (Becchi-Rouet-Stora-Tyutin)transformations.On

theinfinitesimal level the BRST transformations correspondto cohomologyoperators

and definewhat may be calledtheBRST cohomology. The non-zeroelementsof the
BRSTcohomologyarecalledanomaliesin thephysicsliterature. A detaileddiscussion

of the materialof this sectionmaybe found in the bookson quantumfield theoryre-

ferredto in the introductionto thispaper. A geometricalinterpretationof someof these

conceptsmay be foundin [BA2I, [CO3], [C04].
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DICTIONARY OF TERMINOLOGY AND NOTATION

Physics Mathematics

Space-time Lorentz4-manifold M

Euclidean space-time Riemannian 4-manifold M

Gauge group C structure group of aprincipal

bundle P(M,C) over M

Spaceof phasefactors total spaceP of the bundle P(M,C)

Global gauge s asectionof the bundle P(M, C)

Gaugegroup bundle Ad (P) = P XAd C,where Ad is
the adjoint actionof C on itself

Gaugetransformation a sectionof the bundle Ad (P)

Gauge algebrabundle ad (F) = P x~g ,where ad is

the adjoint action of C on g

Infinitesimal gaugetransformation a sectionof thebundle ad (P)

Gaugepotential w on P connection1-form w E A ‘(P, g)

Gaugepotential A on M A = s*(w)

Local gauge t a sectionof the bundle P( M,C),
restricted to an openset U C M.

Local gaugepotential A~ A~= t(w)

Gaugefield Q on P curvaturect’w = Q E A2 (P,g)

Gauge field F~on M the 2-fonnF~EA2(M,ad(P))
associatedto Q

Groupof generalized Di! fM(P) = {g � Dif f(P) I g covers
gaugetransformations � Dii f(M) }

Group g of gauge = Aut(P) C DiffM( P) , thegroupof
transformations bundleautomorphismsof P

Group Q
0 C ~ ,of = Aut~(P)C Aut(P) ,thegroupof

basedgaugetransformations basedbundleautomorphisms

Gaugealgebra£~ Lie algebrar (ad(P)) ‘~‘ F~(P, g)

generalizedHiggspotential asectionof the associatedbundle

E(M,F,r,P)
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Higgspotential ~ a sectionof theassociatedbundle

adTh= Px0~g

Higgs field h,~= d~q~

Bianchi identitiesfor the d’~’F~= 0
gaugefield F~

Yang-Mills field equations ~ F,, = 0

for F~

Instanton(self-dualYang-Mills) *F,,~= F~, where * is

equations on 4-manifold M the Hodgeoperator

Instantonnumber Pontryagin index of the bundle P

BPST instanton canonicalSU(2) -connectionon

thequatemionicHopffibration

of S
7 over

Dirac monopole canonical U( 1)-connectiononthe

Hopf fibration of S3 over

Inertial frameson a the bundle O( M, g) of
space-timemanifold (M, g) orthonormalframeson M

Gravitational potential Levi-Civita connection)¼

on O(M,g)

Gravitationalfield curvatureR’

sourcefreegravitational [Ri’, *] = 0 , where * is

field equations the Hodgeoperator


